IEEE TRANSACTIONS ON CYBERNETICS, VOL. 52, NO. 9, SEPTEMBER 2022

9059

When Does Diversity Help Generalization
in Classification Ensembles?

Yijun Bian

Abstract—Ensembles, as a widely used and effective tech-
nique in the machine learning community, succeed within a key
element—*‘diversity.” The relationship between diversity and gen-
eralization, unfortunately, is not entirely understood and remains
an open research issue. To reveal the effect of diversity on the gen-
eralization of classification ensembles, we investigate three issues
on diversity, that is, the measurement of diversity, the relationship
between the proposed diversity and the generalization error, and
the utilization of this relationship for ensemble pruning. In the
diversity measurement, we measure diversity by error decomposi-
tion inspired by regression ensembles, which decompose the error
of classification ensembles into accuracy and diversity. Then, we
formulate the relationship between the measured diversity and
ensemble performance through the theorem of margin and gen-
eralization and observe that the generalization error is reduced
effectively only when the measured diversity is increased in a
few specific ranges, while in other ranges, larger diversity is
less beneficial to increasing the generalization of an ensemble.
Besides, we propose two pruning methods based on diversity
management to utilize this relationship, which could increase
diversity appropriately and shrink the size of the ensemble with-
out much-decreasing performance. The empirical results validate
the reasonableness of the proposed relationship between diver-
sity and ensemble generalization error and the effectiveness of
the proposed pruning methods.

Index Terms—Diversity, ensemble learning, ensemble pruning,
error decomposition.

I. INTRODUCTION

NSEMBLE learning has attracted plenty of research
E attention in the machine learning community, thanks to
its remarkable potential [1], and it has been widely used in
many real-world applications, such as object detection, object
recognition, object tracking [2]-[5], fault diagnosis, malware
detection, depression detection [6]-[8], and so on [9]-[19].
Rather than relying on one single model, an ensemble is a set
of learned models that make decisions collectively. It is widely
accepted that an ensemble usually generalizes better than one
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single model [20]-[23]. Dietterich [24] stated that an ensem-
ble of classifiers succeeded in better accuracy if and only if
its individual members are accurate and diverse. One classifier
is accurate if its error rate is better than randomly guessing
on new instances. Two classifiers are diverse if they make
different errors in new instances. The diversity of an ensem-
ble usually decreases with the increase of accuracies of its
members [25]. Thus, how to handle the tradeoff between accu-
racy and diversity appropriately is a crucial issue in ensemble
learning.

Unfortunately, there is still no consensus in the commu-
nity on the definition or measurement for diversity, unlike
the precise accuracy. The existing ensemble methods create
different classifiers implicitly or heuristically by manipulating
input data, input features, or output targets. The existing diver-
sity measures are various, yet none of them show superiority
over each other [23], [26], [27]. They are generally divided
into pairwise and nonpairwise diversity measures [1], [28].
Lots of previous work made an effort to seek the role
of diversity in ensemble learning [29]-[32]. In regression
ensembles, the diversity is defined based on the error decom-
position [33], in which the error of regression ensembles is
split into the accuracy term and diversity term. The classic
ambiguity decomposition [33] and bias-variance-covariance
decomposition [34] are two commonly used error decompo-
sition schemes. However, both of them are only suitable for
regression tasks with the square loss.

Moreover, the relationship between diversity and gener-
alization in the literature remains an open question. Some
researchers, such as Kuncheva and Whitaker [28], hold doubts
about the usefulness of diversity measures in building clas-
sification ensembles in real-life pattern recognition problems.
Conversely, some researchers hold the view as well that diver-
sity among the members of a team of classifiers is a crucial
issue in classifiers’ combination [35]. They are two inconsis-
tent views, so, weirdly, both of them have some supporting
experimental results in some cases. For instance, some empir-
ical results [28] showed less correlation between diversity and
generalization error by varying the diversity in the ensem-
ble. Meanwhile, some experiments [31] showed precisely the
opposite results. Hence, to clarify this issue, whether or not
diversity affects the performance of generalization becomes
particularly essential.

Inspired by the error decomposition of regression ensembles,
we propose a measure of diversity using error decomposition
for classification ensembles with the 0/1 error function first,
where the error of classification ensembles is split into two
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terms: 1) accuracy and 2) diversity. Like regression ensembles,
the diversity term measures the difference among members of
classification ensembles. Second, we propose the relationship
between the proposed diversity and generalization using the
proposed diversity measure based on [36] and [37]. By tak-
ing bagging and AdaBoost as examples of ensemble methods,
experiments are conducted to validate the proposed relationship
by varying the diversity in bagging and AdaBoost. Third, we
propose an ensemble pruning method called “Ensemble Pruning
Based on Diversity (EPBD),” which utilizes the proposed rela-
tionship between the proposed diversity and generalization to
improve the ensemble’s generalization. To extend EPBD to
use other diversity measures, we propose an ensemble pruning
framework called “Ensemble Pruning Framework Utilizing the
Tradeoff Between Accuracy and Diversity (FTAD)” as well,
which utilizes the tradeoff between accuracy and diversity.
Moreover, empirical results are presented to validate the effec-
tiveness of EPBD and FTAD. The contributions in this article
are three-fold.

1) A diversity measure based on error decomposition is
proposed to quantify the difference among classifica-
tion ensemble members, for the benefit of conducting
theoretical analyses later.

2) The relationship between the proposed diversity and the
ensemble generalization error is investigated and ana-
lyzed theoretically, which demonstrates that diversity
has different impacts on the ensemble generalization in
different ranges.

3) Two ensemble pruning methods are proposed to select
a subset of the original ensemble, while one utilizes
the proposed theoretical relationship and the other as
an extension of the former utilizes the tradeoff between
accuracy and diversity.

The remainder of this article is organized as follows. The
related work is summarized in Section II. Then, the core inves-
tigations are presented in Section III, answering three issues
about diversity.

1) The measurement of diversity and its corresponding

properties in Sections III-A and III-B.

2) The relationship between the proposed diversity and
generalization error of ensembles in Section III-C.

3) The utilization of this relationship about diversity in
Sections III-D and III-E.

Finally, the empirical results are presented in Section IV,
followed by the conclusion in Section V.

II. RELATED WORK

Diversity is considered intuitively as the difference among
individual members in an ensemble, with several alternative
names, such as dependence, orthogonality, or complementar-
ity [1], [28]. In this section, we introduce existing methods
to generate diverse individual classifiers in ensemble learn-
ing. Then, we describe existing methods to measure diversity
in ensemble learning. Finally, we summarize some research
about the crucial role diversity plays in ensemble learning.

A. Generating Diverse Individual Classifiers for Ensembles

Most ensemble methods attempt to generate diverse clas-
sifiers implicitly or heuristically by manipulating the input
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data or features, while few of them manipulate output
targets [24], [31]. For example, bagging [38] and Boosting
(including many variants) [39]-[41] manipulate input data to
promote diversity by choosing different subsets of the training
data during training; random forest [42] manipulates subsets of
input data or features to create diversity and gives competitive
results; and rotation forest [43] applies the principal compo-
nent analysis (PCA) on each subset as an improved method.
Moreover, the neural network (NN) ensembles also create
diversity using different initial weights, different architectures
of the networks, or different learning algorithms. However,
the diversity generated by these methods is not precise and
could not tell how much diversity in their generating process
or whether diversity in ensembles should be increased or not
for the specific ensemble.

B. Diversity Measurements in Ensembles

Diversity is usually measured based on the clas-
sification  results of individual members in an
ensemble [26], [30], [35], [44]-[46]. The existing diver-
sity measures are generally divided into pairwise and
nonpairwise diversity measures [1], [28]. Based on the
coincident errors between pairs of individual classifiers,
pairwise diversity represents the behavior if both of them
predict an instance identically or disagree with each other.
In this case, the overall diversity is the average of all
possible pairs [23]. Pairwise diversity includes Q-statistic [47],
Kk-statistic [48], disagreement measure [49], [S0], correlation
coefficient [51], double-fault [52], and the hamming distance
(HD) measure [46]. In contrast, nonpairwise diversity directly
measures a set of classifiers using the variance, entropy, or
the proportion of individual classifiers that fail on randomly
chosen instances [23]. It includes interrater agreement [53],
Kohavi—-Wolpert variance [54], entropy of the votes [55],
[56], difficulty index [28], [57], generalized diversity [58],
and coincident failure diversity [58]. Apart from those, two
other measures exist and do not fall into the categories above.
One is the correlation penalty function, proposed by Liu and
Yao [59] in their negative correlation learning (NCL) [60].
It measures the diversity of each member against the entire
ensemble. The other is ambiguity, which measures the average
offset of each member against the entire ensemble output [61].
Due to the examined difference or similarity, the ranges
of diversity vary between different diversity measures [1].
Moreover, comparing those existing diversity measures is
difficult regarding the appropriateness and superiority across
them [23]. The performance of a diversity measure might
depend on the context of data and the use of diversity [27].

C. Role That Diversity Plays

Although the crucial role of diversity has been widely
accepted, few researchers could tell how diversity works
exactly in ensemble methods. In the last decade or so,
Brown [29] claimed that from an information-theoretic per-
spective, diversity within an ensemble did exist on numerous
levels of interaction between the classifiers. This work inspired
Zhou and Li [30] to propose that the mutual information
should be maximized to minimize the prediction error of an
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ensemble from the view of multi-information. Subsequently,
Yu et al. [31] claimed that the diversity among individual
learners in a pairwise manner, used in their diversity regu-
larized machine (DRM), could reduce the hypothesis space
complexity, which implied that controlling diversity played
the role of regularization in ensemble methods. Recently,
Jiang et al. [32] extended the classic ambiguity decomposi-
tion from regression problems to classification problems and
proved several fundamental properties of the ambiguity term.

D. Ensemble Pruning

Ensemble pruning, called ensemble selection or ensemble
thinning as well, is proposed to mitigate the shortcoming of
ensemble methods that usually require huge memory and pro-
cessing time regarding the number of individual learners in
the ensemble [62]-[68]. It is possible to improve the ensemble
generalization performance with a smaller size using ensemble
pruning [69], [70]. Selecting the subensembles with the best
generalization is quite challenging with exponential compu-
tational complexity [35], [71]. The existing ensemble pruning
methods could be categorized basically into three general fam-
ilies: 1) ranking based; 2) clustering based; and 3) optimization
based. Ranking-based pruning methods sort the learners in the
ensemble based on different evaluation functions and select
the top few of them [72]-[74], with a low searching complex-
ity yet theoretical unsoundness [75]; clustering-based pruning
methods detect groups of learners making similar predictions
and prune each group separately [76], [77]; and optimization-
based pruning methods utilize different objectives to optimize
and find the expected subset with satisfactory generaliza-
tion performance [78]-[83], requiring an optimization search-
ing algorithm to avoid exhaustive search complexity [75].
Another partition divides ensemble pruning methods into
static and dynamic pruning techniques [84]. Static pruning
techniques focus on identifying a small subensemble with
good generalization performance, accompanied by expensive
computation [25], [35], [85]-[88]; Dynamic pruning tech-
niques [89]-[91] determine the number of individual classifiers
that need to be queried dynamically for each test instance,
reducing the time cost yet not reducing the ensemble’s stor-
age requirements [89], [92]-[95]. Besides, Jiang er al. [96]
presented a Bayesian framework for ensemble pruning, which
generated the optimal size of the pruned ensemble first and
selected the optimal pruned ensemble accordingly; Krawczyk
and Wozniak [97] proposed to do ensemble pruning tasks
considering the combination rule training simultaneously.

III. METHODOLOGY

In this section, we formally study the measure of diver-
sity using error decomposition of classification ensembles and
derive proper theoretical analyses from quantifying and char-
acterizing the relationship between the proposed diversity and
generalization performance of the entire ensemble. Based on
the results of the analyses, two ensemble pruning methods are
proposed to construct a pruned subensemble effectively.

We first introduce the necessary notations used in this arti-
cle. Let vectors be denoted by bold lowercase letters [e.g.,
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X = (x1,...,x;)] as an instance with k-tuples of real numbers
describing features, and scalars denoted by italic lowercase let-
ters (e.g., ¥) as labels. Random variables, (vector) spaces, and
subsets of these vector spaces are denoted by sans serif upper-
case letters (e.g., X), calligraphic uppercase letters (e.g., X),
and roman uppercase letters (e.g., W), respectively. The sets of
vectors are denoted by roman uppercase letters (e.g., S) con-
sisting of some instances with their corresponding labels; and
individual classifiers/learners are denoted by functions [e.g.,
f()] as the output results of one classifier. The symbols P, E,
I, R, and Z* denote the probability measure, the expectation
of a random variable, the indicator function, the real space,
and the positive integer space, respectively. The notation [r]
represents {1, ..., n} for clarity. The notation (x, y) € S is for-
mally defined by (x,y) € S < 3i € [|S]] : (x;,y;) = (x,y) for
clarity.

A. Measuring Diversity in Classification Ensembles Using
Error Decomposition

The analysis is built in the probably approximately correct
(PAC) framework [98] that one learning task D corresponds to
a probability distribution over the input—output space X x ).
An instance from D is represented as (X, y), where x € R¥
is a vector representing features and y is a scalar as a label.
Suppose this classification task is to use an ensemble that com-
prises several individual classifiers to approximate a function
Jive 1 X'—= Y, and F = {f1, ..., fir|} denotes the set of these
individual classifiers. The predictions of the individual classi-
fiers are combined by weighted voting,! that is, the output of
an ensemble is defined as

Jens) =sgn| D" wi- fix)

ie[|F[]

)

where w; is the weight coefficient corresponding to the indi-
vidual classifier f;, satisfying that Zie[lFl] wi=1 VYw; > 0.
> ieqF) Wifi(x) = 0 indicates a tie in the combination.

In this work, we focus on binary classification problems
that mean ) = {—1, +1}, but these theoretical results could
be extended to multiclassification problems (a short example
is given in the Appendix and more research is left for our
future work). Assume that there is a training set S with several
instances (x,y). For one single arbitrary instance x € §, y
denotes the target output of this instance, and f(x) is the actual
output of the individual classifier f € F. Notice that y and f(x)
satisfy that y, f(x) € ). If the actual output of the individual
classifier is correct according to the target output, obviously
f(x) -y = +1, otherwise, f(x) -y = —1, where this term is
defined as the margin of this classifier on the instance

2)

As the original error decomposition in regression [33], [99],
[100] uses the square loss as the loss function that is not

margin(f, X) = f(X) - y.

n the spirit of weighted averaging and plurality voting, each individual
classifier votes for a class with the weight, and the class label receiving the
most number of votes is regarded as the output of the ensemble. If there is a
tie, the Err function, (3) is given zero for binary classification problems.
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suitable for classification, we employ the 0/1 error func-
tion to adopt the idea of error decomposition for regression
ensembles. For classification problems, the error function of a
classifier f at one single arbitrary instance x is defined as

1, if f(X)y=—1
0.5, if fx)y=0
0, if f(x)y =1

which is also the discretization of hinge loss function and
holds that Err(f, x) = —(1/2)(f(x)y — 1). Therefore, inspired
by the work of [32] and [99], we present the following error
decomposition for classification ensembles.

Theorem 1 (Error  Decomposition  for  Classification
Ensembles): Assume that we are dealing with binary clas-
sification problems. Individual classifiers in an ensemble
F = {fi,....fir} have been trained and are combined
by weighted voting fens(x) = sgn(zie[‘ Fil wifi(x)) with
Zie[lF\]Wi =1 Vw; > 0. Then, for the 0/1 error function,
the loss function of the ensemble can be decomposed into

Err(fens’ x) = Z wj - EI‘I‘(ﬁ', X)

i€[|F[]

Err(f,x) = 3

1 . ) Z _ in(f,. x)
5 margin(fens, X 2 w; - margin(f;, X
1

“4)

Computing the expectation in the dataset S yields decom-
position of the generalization error as follows:

G=A-D (5)
where

G= E(X,y)GS(Err(fCﬂSa X)) (6a)
A= Z wi - Ex,yyes(Brr(fi, X)) (6b)

i€[|F]]
_ 1 .
D= EE(X,Y)ES(margm(fen& X))

1 .
-5 Z Wi - E(x,y)es (margin(f;, x)). (6¢)

i€[|F[]

Proof: For one single arbitrary instance x, the error of an
ensemble is defined as

1
Err(fens, X) = —3 sgn Z wifix) |y —1 (7

i€[|F]

Inspired by the error decomposition of regression ensembles,
the difference between ensemble error and the average error
of individual classifiers is

Err(fens, X) — Z w; - Brr(f;, x)

ie[|F|]
= Y wi (Err(fens, X) — Err(f;, ))
ie[|F|]
- —g Wi + (fans (X) — (X)) ®)
ie[|F[]
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and the error decomposition could be rewritten as

Err(fens, X) = Z w; - Brr(fi, X)

iel|F(]

1
— 5 Z Wi(fens(x) _fi(x))y'

i€[|F[]

©)

The first term Zie[‘ Fp Wi - Err(fi, x) s the weighted aver-
age loss of the individuals. The second term is defined as the
diversity term, which measures the difference between fens(X)
and individual classifiers, and it could be rewritten as

1
5 2 Willens () = fi®)y

i€[|F[]

1 . .
= 3 Z wi(margin(fens, X) — margin(f;, x)).  (10)
i€[|F[]

Note that this term is corresponding to one specific
instance X, defined as

. 1 . 1 )
div(fens, X) = 3 margin(fens, X) — 3 Z w; - margin(f;, X).
i€[|F]

Y

Then, we obtain the form of the error decomposition for one
single instance x as in (4). Finally, computing the expec-
tation over the data set S will yield the form of the error
decomposition for this overall instance set as in (5) and (6). B

Up to now, the diversity measure in (11) is proposed based
on the error decomposition for classification ensembles, which
would serve as the independent variable in the relationship
between the proposed diversity and ensemble performance
in Section III-C. Before that, the properties of the proposed
diversity will be investigated in the next section.

B. Properties of G, A, and D

In this section, we analyze G, A, and D in (5) of Theorem 1
to further explore the properties of these three terms.

Corollary 1 (G,A, and D Only Depend on div(fons, X)):
Assume that we are dealing with binary classification prob-
lems. Individual classifiers in an ensemble F = {fi, ..., fir}
have been trained and are combined by weighted voting
Sens(X) = sgn(Zie“Fl] w; - fi(X)) _with ZieﬂF\]_Wi =1 Vw; >0.
Then, the generalization error G, accuracy A, and diversity D
of this ensemble are all dependent on div(feps, X), that is

G= %(1 — Exyes(sgn(t — 2div(fens, X))))  (12a)
A= %(1 — Exyes(h — 2div(fens, X)) (12b)
D = E(x y)es(div(fens, X)) (12¢)
where
1, if div(funs, X) € (o, %)
A=10, if div(feps,X) =0 (13)

—1, if div(fans, X) € (-%,0).
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(a) Theorem 1

By decomposition, we find:

Classification with
0/1 error function,

Difference
between feys(x)
and individual ¢

classifiers

Diversity defined here |
Implication of Accuracy

Now we get the error decomposition for classification ensembles. 1

Fig. 1.
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(¢) Theorem 2

Using margin as a bridge, we could get the relationship
between diversity and ensemble generalization.

Tlustration for the proposed methodology. (a) Illustration for the error decomposition for classification ensembles (in Theorem 1). (b) Illustration

of Lemma 1 [36], [37]. (c) Illustration for the relationship between the proposed diversity and ensemble performance motivated by [36] and [37]. Herbrich
and Graepel [36], [37] proposed the relationship between margin and generalization (in Lemma 1). Besides, the proposed diversity in (11) is related to the
margin. In this case, we could propose the relationship between the proposed diversity and ensemble performance (in Theorem 2). Note that the arrow from
A to B means that B is related to A, where arrows in solid lines represent direct relations and that in the dotted line represents the indirect relation.

Proof: The error of one individual classifier is

1
Err(f, x) = =5y -1

—%(margin(f, x)— 1) (14)

as described previously, therefore, according to Theorem 1,
we could obtain that

-1 .

G= 5(1 — E(xy)es(margin(fens, X))) (15a)

-1 '

A= 3 1 — Ex yes Z w; - margin(f;, X) (15b)
i€[|F[]

_ 1 . .

D=3 D wiEx yes(margin(fens, X) — margin(fi, x)).

ielFI)
(15¢)

On the other side, according to (11), we could obtain that

div(fens, X)

1 1
Esgn Z wifi(x) |y — 3 Z w; margin(f;, X)

i€[|F|] i€[|FI]
= —sgn ; margin(f;, X) | — = ; margin(f;, X
Sg ' w; margin(fi, 2 wi margintf;,
i€[|F|] i€[|FI]
(16)
then define that
margin(fens, X) dof Z w; - margin(f;, X) a7
ie[|FI]
and consequently obtain that for clarity
margin(feps, X) = A — 2 div(feps, X) (18)
where XA is defined in (13). Finally, we could
obtain (12a)—(12c) as described in Corollary 1. [ |

C. Relationship Between Diversity and Ensemble
Performance

In this section, we intend to explain whether and how diver-
sity affects the generalization performance of classification
ensembles. Herbrich and Graepel [36], [37] presented that
the relationship between generalization and margin did exist.
Based on their work and the relationship between the proposed
diversity and margin, we propose the relationship between the
proposed diversity and generalization in the PAC framework,
as shown in Fig. 1.

Given the input/feature space X', the output/label space )/,
and the training set S as described above, any instance (x, y) ~
X,Y) € (X,)) in S is drawn independent and identically
distributed (i.i.d.) according to a certain unknown probability
measure Py|xPx, and we only consider linear classifiers as
ensembles just like fens(-) in (1), that is

F = {xr> sgn((w, ¢(x))|w € W}

where ¢(x) = [fi(X),... ,ﬁp|(x)]T and w = [wy, ...,W|F|]T.
Notice that } ;s w: = 1 leads to a one-to-one correspon-
dence of hypotheses fons(X, W) € F to their parameters w € W.
Assume that the existence of a “true” hypothesis w* € W
labeling the data, leading to a PAC-likelihood

Pyix—x(y) = I(y = sgn((w*, ¢(x)))).

There exists a version space V(S) € W because of the
existence of w*

(19)

(20)

V(S) ={we WIV(x,y) €S, sgn((w, ¢(x))) =y}. (2D
The true risk R(w) of consistent hypotheses w € V() is
R(w) = Exy[I(sgn((w, p(X))) # Y)] (22)

and a concept of the margin y(w) of an ensemble w is
introduced [36], [37] as

y(w) = (mi)relsy(w, ¢(x)) (23)

)

since all ensemble classifiers, w € V(S) are indistinguishable
in terms of error rate on the given training set S. Herbrich
and Graepel [37] presented that the generalization error R(w)
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of an ensemble was bounded from the above in terms of the
margin y(w), as shown in Lemma 1.

Lemma 1 (Relationship Between Margin and
Generalization [37]): For any probability measures Pyx
such as Px(|l¢(x)]] < 8) = 1 and for any & € (0, 1], with
probability at least (1 — &) over the random draw of the
training instances S € (X, y)ISI, for any arbitrary consis-
tent ensemble classifier w € V(S) with a positive margin
y(w) > /3282/|S|, the generalization error R(w) could be
bounded from the above by

where «(w) = [(85/[y (W))’].

Subsequently, inspired by the relationship between margin
y(w) and generalization error R(w) in Lemma 1 [37], we
present the following relationship between the proposed diver-
sity and generalization. It is worth mentioning that the margin
y(w) could be linked with the proposed diversity div(fens, X)
in (11), which exactly inspired us to pursue the relationship
between the proposed diversity and the generalization risk.
To simplify the analysis, we only consider the most impor-
tant item in (24), that is, «(w)log,(8e|S|/[x(W)]), described
as R(w).

Theorem 2 (Relationship Between the Proposed Diversity
and Generalization): For any probability measures Py such as
Px(l¢(x)|| <6) =1 and for any & € (0, 1], the random draw
of the training instances S € (X', V)!S! is given with probabil-
ity & by noise disturbance. Then, for any arbitrary consistent
ensemble classifier w € V(S), with probability at least (1 —£),
the variation tendency of the upper bound of generalization
error R(w) is the same as that of IA?(W), that is

Row = (22 85’/(“')2 25

(W)_<W) 0g, | 8el |<W) , (25)

y(w) = (mi)ns(l —2&)(A — 2div(fens, X)) (26)
X,y)€

where A is defined as (13).

Proof: Due to the existence of noise in real data, for any
arbitrary instance x in S, let z be the observed label of this
instance, and let y be the true unknown label correspondingly.
Thus, the error rate of the training set S is recorded as P(z #
yx € 8) &ef g, and the error of a classifier f is recorded as
Pf(x) # zlx € S) &l 9. Since the training set is affected
by noise and other factors, we believe that 8 > &. Then, we
use the observable z to estimate the value of y, that is, y =
(1 —&)z+ e(—z) = (1 — 2¢)z. Thus, for a given training set
S = {(xi,z)li € [ISI]}, individual classifiers are trained to
constitute an ensemble, that is, the set F' = {f1, ..., fir}. The
margin of one individual classifier f; on the instance x; is

margin(fj, X;) = f;(X))zi. 27

Describe margin(feys, X;) as in (17), and then according to (18),
the margin of the ensemble is obtained

y(w) = min (1 — 2&)(A — 2div(fens, Xi)) (28)
i€[|S[]
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based on (23), which is mainly reflecting the difference among
different members of the ensemble, that is, diversity. Let x* be
the very instance where the ensemble reaches the minimum
of the margin y(w), that is

yw) = (1 —2¢) (% — 2div(fens, x¥))

then «(w) is obtained based on (24). To simplify the analysis,
we only consider the most important item in (24), that is,
k(w)log,(8e|S|/[k(w)]), described as R(w), that is

Row) & e (w) 10g2<8e|S|>

(29)

K (W)

~ 85 2
~ ((1 —2&)(A — 2div(fens, X*)))
1 * 2
x log, <8e|S|<(1 —2&)(A — 2div(fens, X ))) )

88
(30)

with the same variation tendency as R(w). |

According to Theorem 2, the generalization error of the
ensemble could be quantified by the diversity. Equation (30)
reflects the relationship of individual classifiers div(feps, X*) €
(—[1/2], [1/2]) and the performance of generalization error of
the ensemble R(w). Therefore, the first and the second deriva-
tives? of the estimated risk R(w) could be obtained by taking
the derivative of R(w) on div(fans, X*), that is

Ny 85 1\ 1
R =14 -
1-—2e A — 2d1V(fer1Sa X*))3

. * 2
5 10g2<8|5|<<1—2s)<x —Sidw(fens,x ))) ) an

< 8 (8 \? 1
T In2\1 =2/ (A —2div(fons, X*))*

. % 2
X (3 ln<8|S|((1 — 200 —SidIV(fens,X ))) ) - 2).

(32)

We are already aware that div(fens, X*) € (—[1/2], [1/2]).
Thus, the graph of the upper bound of the generalization error
R(w) is symmetrical about the vertical axis, as shown in Fig. 2.
Then, we take div(fens, X*) € (0, [1/2]) for example to ana-
lyze the effect of diversity on the generalization error in the
ensemble.

As the relationship between the proposed diversity
div(feps, x*) and the generalization error R(W) in the ensem-
ble is (30), the monotonicity and concavity of the function
could be analyzed based on its first and second derivatives.
On the positive abscissa axis, let g; and g3 be the left end-
point and the right endpoint of the range, respectively. The
function’s inflecion point ¢, is found by making R'(w) = 0,

2The first derivative of a function f(x), written as f’(x), is the slope of the
tangent line to the function at the point x. To put this in nongraphical terms, the
first derivative tells us whether a function is increasing or decreasing, and by
how much it is increasing or decreasing. The second derivative of a function
is the derivative of that function’s derivative, written as f”(x). While the first
derivative can tell us if the function is increasing or decreasing, the second
derivative tells us if the first derivative is increasing or decreasing [101].
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02 02
Measure of diversity div(x)

(a) (b)

02 00 02
Measure of diversiy divi(x)

Fig. 2. Illustration of the estimator of generalization error and its first
derivative, impacted by our proposed measure of diversity. Notice that these
endpoints (g4, g5, and gg) in this figure refer to those points on the hori-
zontal axis with the same abscissas correspondingly in fact. In this graph,
parameters’ values are specialized as follows: § = 1, ¢ = 0.01, and
|S| = 200. (a) Relationship between diversity and the ensemble generalization.
(b) Relationship between diversity and the first derivative of generalization.

TABLE I
MONOTONE INTERVALS. THE FIRST COLUMN IS DIVERSITY DIV(feps, X*).
THE SECOND AND THE THIRD COLUMNS ARE THE ESTIMATED RISK f?(w)
AND ITS FIRST DERIVATIVE, RESPECTIVELY. NOTE THAT THE ESTIMATED
RISK REFLECTS THE GENERALIZATION ERROR R(W) OF THE ENSEMBLE
fens- THE FOURTH AND THE FIFTH COLUMNS ARE THE VARIATION OF THE
ESTIMATED RISK AND THAT OF ITS FIRST DERIVATIVE, RESPECTIVELY

div(fens,x*)  R(w) R/ (w) AR AR
(—q3, —q2) ' convex N\, concave  smaller larger
—q2,—q5) \, convex N\, concave  smaller larger
(—g5,—gs) N\, concave 7 concave larger larger
(—q6,—q1) N\, concave 7 convex larger smaller
(q1,96) /" concave ' concave larger larger
(g6,95) " concave ' convex larger smaller
(g5,92) A convex \ convex smaller  smaller
(q2,93) \, convex \, convex smaller  smaller

also remarked as g4 . Thus, the monotone increasing interval
is (q1, q2), and the monotone diminishing interval is (g2, q3) .
Then, the stagnation point of the first derivative g5 is found
by making R”(w) = 0, to analyze the concavity of the func-
tion R(w); the stagnation point of the second derivative g is
found by making R”(w) = 0, to analyze the concavity of the
function R’ (w) . Their values are

= LY (33a)
R R :
= . 1 ) 8 (33b)
W“=a=5 1—2¢\ 18|
o PRI LI (33¢)
=-|1- —e c
=3 1—2¢\ 18|
1 8 8 7
=—|1- —eb 33d
% =3 1—2:\1sI¢ (33d)
respectively, where an implied condition exists, that is
1) 8
e < — <1-2e. (34)
1—2e\ |S]

Note that g1 < ¢» < g3 and g6 < g5 < g4 = g2 . Then, the
domain of diversity div(fens, X*) could be divided into eight
intervals, as shown in Table I. Up to now, we could analyze
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in detail the effect of diversity on generalization error within
different intervals.

1) When div(fens, x*) = 0 in this article, we only consider
two cases: a) “all individual classifiers give the right
result of the instance x*’s label” and b) “all individ-
ual classifiers give the wrong result of the instance x*’s
label.” We do not consider the situation of a tie.

2) In real situations, div(fens, X*) is negative in most cases,
which means that “the ensemble classifier has mis-
classified the instance that corresponds to the selected
div(feps, X*).” Notice that in the finite experiments, when
the value of |S| satisfies (34), it is rare that div(feps, X*)
is larger than zero. If div(fens, X*) < 0, increasing diver-
sity will improve the ensemble’s performance, which is
the reason why we should increase diversity in that case.

3) When div(feps, X*) is located in the positive abscissa axis,
the ensemble classifies the corresponding instance cor-
rectly. In the range near zero, individual classifiers that
classify the instance correctly take great advantage, and
the closer div(fens, X*) is to zero, the greater their advan-
tage is. In the range near 1/2, individual classifiers that
classify the instance correctly take little advantage, and
the closer div(fens, X*) is to 1/2, the less their advan-
tage is. In this case, diversity needs to be decreased to
increase the generalization performance of the ensemble,
with the basic idea of keeping the ensemble classify-
ing the corresponding instance correctly. In summary,
increasing diversity will reduce the advantage of the
individuals that classify the instance correctly, which
should be avoided.

4) When div(fens, X*) is located in the negative axis, the
ensemble classifies the instance incorrectly. Similar
results could be analogized.

Based on these analyses, the relationship between the proposed
diversity and generalization error varies when diversity falls
in different ranges. Generally speaking, there are two specific
ranges that need to be paid attention to particularly, that is,
(—gs5, —q6) and (—gs, —q1), according to Table 1. In these
two ranges, more diversity would lead to better generalization,
which is why it is necessary to increase div(fens, X*) to get a
more effective ensemble classifier. However, in other ranges,
it is not worth increasing diversity, and the ensemble could
remain the same to continue the learning process.

D. Ensemble Pruning Based on Diversity and One Ensemble
Pruning Framework

Inspired by the relationship between the proposed diversity
and generalization of classification ensembles, we propose an
ensemble pruning method, called “Ensemble Pruning Based on
Diversity (EPBD),” presented in Algorithm 1. It aims to prune
an ensemble with rare performance degradation, with the basic
idea of utilizing diversity and accuracy simultaneously.

The inputs of this method are as follows.

1) A training set S of valid data instances.

2) A set F of trained individual classifiers, that is, the orig-

inal set of classifiers to constitute an ensemble classifier
in (1).
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Fig. 3. Relationship of the loss difference —(G — A) in (5) and different diversity measures, using Bagging to conduct ensemble classifiers and MLPs

as individual classifiers. (a) Disagreement measure [49], [50]. (b) Q-statistic [47]. (c) Correlation coefficient [51]. (d) k-statistic [48]. (¢) Double-fault [52].
(f) Kohavi-Wolpert variance [54]. (g) Interrater agreement [53]. (h) and (i) Entropy of the votes [55], [56]. (j) Difficulty index [28], [57]. (k) Generalized

diversity [58]. (1) Coincident failure diversity [58].

Algorithm 1 Ensemble Pruning Based on Diversity (EPBD)

Input: A training set S = {(x;, y;)|i € [|S|]}, an original ensemble
F = {fjlj € [IF|]}, and the threshold .
Qutput: The pruned sub-ensemble H (H C F).

1. H=40.

2: repeat

3:  Search for the specific data instance (x, y) which satisfies the
search criterion (13).

4:  Sort classifiers in F that classify this instance correctly in
ascending order according to the accuracy performance.

5. Move the top one f(-) in the previous step from F to H.

: until The termination condition is satisfied.

Algorithm 2 Ensemble Pruning Framework Utilizing the
Tradeoff Between Accuracy and Diversity (FTAD)

Input: A training set S = {(x;, y;)|i € [|S|], an original ensemble
F = {fjlj € [IF]], an arbitrary diversity measure DIV, and the
threshold «.

Output: The pruned sub-ensemble H (H C F).

1. H=49.

2: repeat

3:  Compute the diversity of the ensemble on each data instance
using the specified diversity measure DIV, i.e., DIV(x).

4:  Compute the margin of the ensemble on each data instance,
i.e., A — 2DIV(x), where A is defined in Eq. (13).

5: Search for the specific data instance (x,y), ie.,
argmin(xyy)E s A —2DIV(x).

6:  Sort classifiers in F that classify this instance correctly in
ascending order according to the accuracy performance.

7:  Move the top one f(-) in the previous step from F to H .

8: until The termination condition is satisfied.

3) The ratio o, which means the individual classifiers in
the pruned subensemble are chosen in a ratio of «(%)
from the original ensemble.

Notice that all individual members are treated equally here,
which means that w; = 1/|F| Vi€ [|F]|].

For example, individual members in one ensemble generated
by AdaBoost might have different values of weights in the
combination, however, their weight coefficients would still be
treated as important as each other in the pruning process, to
simplify the analyses since it does not talk more about the

situation where the individual classifiers in the ensemble are
not treated equally. The output of this method is the set of
classifiers H composing the pruned subensemble after pruning,
which is initially set to {J. This algorithm terminates when the
number of H reaches the number of a pruned subensemble
classifier (i.e., @|F|), or when it cannot pick up an individual
classifier in F' that satisfies the corresponding condition (i.e.,
all individual classifiers in F' misclassify the corresponding
instance).

The objective of this method is to obtain a pruned
subensemble that approaches the performance as optimal as
possible. As shown in Algorithm 1, it first picks out an
individual classifier considering diversity and accuracy simul-
taneously, raising diversity in line 3 and increasing accuracy
in line 4. Specifically, the sorting principle we use in line 4 is
mainly based on the accuracy performance of individual clas-
sifiers. Then it puts the selected individual classifier into the
candidate classifier set H, as shown in line 5. Subsequently, it
follows a cycle to select the expected classifiers in F' repeatedly
until the termination conditions are met.

Moreover, inspired by the proposed ensemble pruning
method (EPBD), we propose an ensemble pruning framework
by utilizing the tradeoff between accuracy and diversity, called
“Ensemble Pruning Framework Utilizing the Tradeoff Between
Accuracy and Diversity (FTAD),” presented in Algorithm 2.
The diversity measure used in FTAD could be any existing
diversity measure, such as Q-statistic or the disagreement mea-
sure. Note that EPBD is one particular case of FTAD by using
the proposed diversity measure in this article.

E. Complexity Analysis of EPBD

In this section, we give the complexity analysis of the
proposed EPBD. According to Algorithm 1, the computational
complexity of EPBD is analyzed as follows.

1) First, the complexity of line 3 is O(m + mlogm)
where j = n — i+ 1, and n and m are the number of
individual classifiers and instances, respectively, when
i € {l,...,k}. Note that k is the size of the pruned
subensemble.
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Fig. 4. Relationship of the loss difference —(G — A) in (5) and different diversity measures, using AdaBoost to conduct ensemble classifiers and MLPs as

individual classifiers. Diversity measures used in (a)—(l) refer to those in Fig. 3.
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Fig. 5. Relationship of the loss difference —(G —A) in (5) and the proposed
diversity measure in (6), using MLPs as individual classifiers. (a) Using
Bagging to conduct ensembles. (b) Using AdaBoost to conduct ensembles.

2) Second, the complexity of line 4 is O(jlogj) where j =
n—i+1,whenie{l,... k}.
3) Third, the complexity of line 5 is O(1).
Therefore, the overall computational complexity of EPBD is
O y—k1Um + mlogm + jlog ), that is, O(km(n — [k —
1/2]) + kmlogm + Y0, (ilogi)).

IV. EXPERIMENTS

In this section, we elaborate on our experiments to evaluate
the proposed relationship between the proposed diversity and
ensemble generalization performance and the proposed algo-
rithms. The datasets we use include one image dataset with
12500 pictures (Dogs versus Cats®) and 28 datasets from UCI
repository* [103]. Standard five-fold cross-validation is used in
these experiments, that is, in each iteration, the entire dataset
is split into two parts: 1) with 80% as the training set and 2)
20% as the test set. Bagging [38] and AdaBoost [41], [104]
are used to constitute an ensemble classifier on various kinds
of individual classifiers, including decision trees (DTs), naive
Bayesian (NB) classifiers, k-nearest neighbors (KNNs) clas-
sifiers, linear model (LM) classifiers, linear SVMs (LSVMs),
support vector machines (SVMs), and multilayer perceptrons
(MLPs). We evaluate the proposed relationship between the
proposed diversity and ensemble performance using scat-
ter diagrams with their correlation. Besides, to evaluate our
proposed pruning method EPBD, the baselines we considered

3http://wWW.kaggle.com/c/dogs—vs—cats
4http://archive.ics.uci.edu/ml/datasets.htrnl

are a variety of ranking-based methods, namely, early stopping
(ES), KL-divergence pruning (KL), Kappa pruning (KP) [69],
orientation ordering pruning (OO) [105], diversity regular-
ized ensemble pruning (DREP) [35], accuracy-based ensemble
pruning (TSP.AP) [73], and diversity-based ensemble pruning
(TSP.DP) [73], as well as optimization-based methods, namely,
single-objective ensemble pruning (SEP), and Pareto ensemble
pruning (PEP) [81], the maximal relevant minimal redun-
dant (MRMR) method [82], the maximal relevancy miximum
complementary (MRMC) method [82], and the discriminative
ensemble pruning (DiscEP) [83]. Moreover, we adopt two
methods from diversity maximization via composable core-
sets [106], [107] and change them slightly to make them
suitable for pruning problems, namely, the Gonzalez’s algo-
rithm (GMA) and local search algorithm (LCS). An ensemble
is trained and pruned on the training set and then evaluated
on the test set. It is worth mentioning that several methods
(such as OO, DREP, SEP, PEP, LCS, and TSP.AP) cannot fix
the number of classifiers after ensemble pruning, while others
could do that by giving a pruning rate that is the up limit of
the percentage of those discarded individual classifiers in the
original ensemble. Those methods that cannot fix the size of
the pruned subensemble might lead to increasing or reducing
the size of pruned subensembles and affect their space cost.

A. Validating the Error Decomposition for Classification
Ensembles

In this section, experiments are conducted to verify the
proposed error decomposition for classification ensembles
(Theorem 1). To verify the effectiveness of the proposed
diversity measure in (6), we compare the proposed diversity
measure with other diversity measures in the literature, includ-
ing the disagreement measure (Disag) [49], [50]; Q-statistic
(QStat) [47]; correlation coefficient (Corre) [51]; «-statistic
(KStat) [48]; double-fault (DoubF) [52]; Kohavi—-Wolpert vari-
ance (KW Var) [54]; interrater agreement (Inter) [53]; entropy
of the votes (EntCC [55] and EntSK [56]); difficulty index
(Diffi) [28], [57]; generalized diversity (GeneD) [58]; and the
coincident failure diversity (CFail) [58]. As shown in Figs. 3
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TABLE I

COMPARISON OF THE STATE-OF-THE-ART PRUNING METHODS WITH EPBD USING BAGGING TO PRODUCE HOMOGENEOUS ENSEMBLES. THE COLUMN

CALLED “ENSEM” IS THE

CORRESPONDING RESULT FOR THE ENTIRE ENSEMBLE WITHOUT PRUNING. THE BEST ACCURACY WITH A LOWER
STANDARD DEVIATION IS INDICATED WITH BOLD FONTS FOR EACH DATASET (ROW)

Data Set Ensem ES KL KP 00 DREP SEP PEP MRMR MRMC DiscEP TSP.AP TSP.DP GMA LCS EPBD
waveform 89.09+1.27 84.34+8.76 83.48+8.39 83.48+8.39 89.47+0.40 89.35+0.66 89.03+0.83 89.19+0.81 88.434+0.941 89.43+0.82 89.37+0.38 89.71+0.75 88.19+0.95} 88.514+1.29 88.95+1.37 89.53+0.48
heart 55.564+0.00 55.56+0.00 55.5640.00 55.56+0.00 55.56+0.00 55.56+0.00 55.5640.00 55.93+0.74 55.93+0.74 55.93+0.74 55.93+0.74 55.56+0.00 55.56+0.00 55.56+0.00 55.56+0.00 55.93+0.74
page 91.26+0.221 91.284+0.19 91.2640.24 91.3340.29 91.3740.29 91.35£0.20 91.24+0.11 91.2840.27 91.33+0.20 91.1940.20f 91.2440.16 91.2640.19 91.3940.21 91.120.16% 91.12:£0.16% 91.39+0.26
sensor (2d)  94.12:0.80% 94.084£0.95% 94.1540.98 93.974+0.931 94.214+1.08 94.3741.01 94.024:0.921 94.4140.83 94.24:£0.55 94.21£1.01 93.73+£0.95f 94.10£1.09 94.08+0.80 94.024+1.04f 94.1041.02 94.3740.85
sensor (24d)  89.37+0.61 89.13+0.27 88.95+0.73 88.9140.75 89.39+1.38 88.82+1.05% 88.82+1.11F 89.3141.25 89.15+£0.97 89.094+0.92 88.87+0.86 88.93+0.93% 88.95+£1.02 89.074+0.93 88.74+1.16 89.33+0.95
EEGEyeState 55.13£0.01 55.13+0.00 55.13+0.00 55.13+0.00 55.13+0.01 55.13+0.00 55.13+0.00 55.13+0.00 55.13+£0.01 55.13+0.01 55.13£0.01 55.13+0.00 55.13+0.01 55.13+£0.00 55.1340.00 55.13+0.01
gmm (10d)  99.70£0.60 99.70+0.60 99.70£0.60 99.70+0.60 99.80+0.40 99.70+0.60 99.70+0.60 99.80+0.40 99.80+0.40 99.80+0.40 99.80+0.40 99.70+0.60 99.60+0.59 99.70£0.60 99.6040.59 99.80+0.40
ames 61.1744.01 58.54£7.61 55.7746.67% 56.50+4.72 59.7146.93 57.96+5.571 58.544+4.53 59.85+£5.28 59.124+4.21 57.66+£3.72 61.61+4.49 60.44+4.78 59.714+6.04 56.50+2.64 59.56+3.53 61.02+5.80
wisconsin 96.8940.55 96.44£0.55 96.441+0.86 96.89+0.73 96.59+1.00 96.59£0.76 96.004+0.59 96.44+0.98 96.744+0.76 96.89+£1.09 97.04+0.47 96.74+£1.00 96.89+0.55 96.59+0.36 96.89+0.30 96.89+0.73
ecoli 95.764+2.23 95.76£2.42 95.76+2.42 95.76+2.42 95.76+2.42 95.76+£2.42 95.761+2.42 96.36+2.06 96.361+2.06 95.76+£2.23 95.761+2.23 95.76+£2.23 95.76+2.42 96.06+2.06 96.06+2.27 96.36+2.06
liver 62.9042.98% 61.16+£2.49 62.03+5.75 65.2242.43 63.774+3.04 65.51£3.60 64.6413.38 66.38+2.96 65.8042.98 63.19+£2.98 62.90+2.84 61.74+2.98 64.93+3.82 61.45+6.12 61.74+4.361 66.96+3.36
yeast 69.591+4.61 67.77+2.861 67.704:2.36F 69.39+1.66 69.731+3.27 65.41+£2.60f 69.801+4.23 69.39+3.44 69.8613.06 69.12+2.89 68.2443.82F 68.58+3.15 68.72+3.44 67.36+3.661 68.45+3.95 70.54+2.92
sonar 80.0046.62 76.59+5.69 78.05+6.90 79.02+6.28 80.49+6.54 80.00+£5.85 79.514+3.65 79.51+£5.89 81.954+8.10 80.49+£6.36 76.10+4.97 79.0243.31 76.10+6.79 79.514+7.49 80.49+6.17 80.49+7.07
wilt 93.904+1.34 93.71£1.49 94.374+0.85 93.34+1.51 94.33+0.87 92.12+1.81F 93.9041.44 93.59+1.59 94.33+0.98 94.35+£0.93 94.00+1.25 94.46+0.95 93.86+1.00 93.9241.44 93.75+1.17 94.48+0.87
spam 78.67+3.44 78.544£2.74 77.3442.18 73.3245.74 74.56+6.96 79.09+2.84 77.87+1.39 79.6142.67 79.044+2.80 72.82+8.46 78.91+3.13 79.764+2.42 77.87+3.55 73.934+5.00 77.39+1.58 79.80+2.41
landsat 96.25+0.63 96.314+0.63 95.574+0.98 95.3041.02 96.274+0.58 95.68+0.84 96.314+0.54 95.96+0.91 96.224+0.56 95.65+1.16 96.2240.61 96.33+0.50 95.69+0.90 96.134+0.75 96.07+0.58 96.2740.65
t-test (W/T/L) ~ 3/13/0 2/14/0 2/14/0 1/15/0 0/16/0 4/12/0 2/14/0 0/16/0 1/15/0 1/15/0 2/14/0 1/15/0 1/15/0 4/12/0 2/14/0 —
Average Rank 747 10.84 11.47 11.03 6.00 9.41 9.78 6.56 5.13 7.88 8.28 8.22 9.28 11.44 10.69 2.53

! The reported results are the average test accuracy (%) of each method and the corresponding standard deviation under 5-fold cross-validation on each data set.
By two-tailed paired ¢-test at 5% significance level,  and { denote that the performance of EPBD is superior to and inferior to that of the comparative method, respectively.
3 The last two rows show the results of ¢-test and average rank, respectively. The “W/T/L” in t-test indicates that EPBD is superior to, not significantly different from, or inferior to the corresponding comparative methods. The

average rank is calculated according to the Friedman test [102].
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Fig. 6. Relationship of error rate and estimated risk in (25) calculated based
on diversity in (11) using bagging for binary classification. (a) Using NBs as
individual classifiers. (b) Using LMs as individual classifiers.

and 5(a), the degree of correlation’ between the loss difference
—(G — A) and the proposed diversity measure D in (6¢c) is
higher than that between the loss difference and other diver-
sity measures. Similar results are presented in Figs. 4 and 5(b).
Therefore, we could suppose the proposed error decomposition
for classification ensembles is reasonable.

B. Validating the Relationship Between the Proposed
Diversity and Ensemble Performance

In this section, experiments are conducted to verify
the proposed relationship between the proposed diversity
and generalization performance of classification ensembles
(Theorem 2). Before that, we need to verify the ensem-
ble performance’s relationship with the estimated risk. The
experimental results are reported in Fig. 6, including differ-
ent individual classifiers. In each experiment, the estimated
risk was calculated by (25), based on the proposed diversity
by (11). The correlation between the estimated risk and real
error rate was calculated, as annotations shown in Fig. 6(a)
and (b), presenting a high level of correlation between them.
Besides, the experimental results reported in Figs. 7 and 8 indi-
cate that the relationship between the proposed diversity and
ensemble performance in Theorem 2 is faithful. Along with the

5The correlation coefficient used in this article refers to the Pearson product-
moment correlation coefficient [108], measuring the linear correlation between
two variables X and Y. Its value ranges from —1 to 1. A value of 1 is total
positive linear correlation, 0 is no linear correlation, and —1 is total negative
linear correlation [109].
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Fig. 7. Relationship of diversity and ensemble performance in Theorem 2,

using bagging with DTs as individual classifiers for binary classification.
(a) Relationship between the proposed diversity and error rate of the ensem-
ble. (b) Relationship between the proposed diversity and the estimated risk
in (25).
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Fig. 8. Relationship of diversity and ensemble performance in Theorem 2,
using AdaBoost with LMs as individual classifiers for binary classification.
(a) Relationship between the proposed diversity and error rate of the ensemble.
(b) Relationship between the proposed diversity and the estimated risk in (25).

increase of diversity, the ensemble performance would show an
“upward—downward—upward—downward” trend in Figs. 7(a)
and 8(a), which coincides with the analyses in Section III-C.
Therefore, we could utilize the proposed relationship between
the proposed diversity and generalization error to guide our
understanding of diversity, and this relationship is a good start
to dig the real role of diversity in ensemble learning.

C. Comparison Between EPBD and the State-of-the-Art
Ensemble Pruning Methods

In this section, we compare the performance of various
ensemble pruning methods, including ES, KL, KP, OO, DREP,
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TABLE III
COMPARISON OF THE STATE-OF-THE-ART PRUNING METHODS WITH EPBD USING ADABOOST TO PRODUCE HOMOGENEOUS ENSEMBLES. THE
COLUMN CALLED “ENSEM” IS THE CORRESPONDING RESULT FOR THE ENTIRE ENSEMBLE WITHOUT PRUNING. THE BEST ACCURACY WITH A
LOWER STANDARD DEVIATION IS INDICATED WITH BOLD FONTS FOR EACH DATASET (ROW)

Data Set Ensem ES KL KP 00 DREP SEP MRMR MRMC DiscEP TSP.AP TSP.DP GMA LCS EPBD
spam 79.3342.04 81.44+£1.58 79.394+3.15 78.3242.76 79.1742.23 79.91£1.44 79.06+2.90 81.85+1.36 81.444+1.58 78.78+2.24 78.78+2.24 79.04£2.11 76.63+£2.51 73.54+6.13 79.04+2.11 79.98+2.12
credit 77.96+0.06 77.93+£0.06 77.93+0.13 77.91£0.12 77.9940.08 77.99£0.09 77.93+0.09 77.95+£0.08 77.984+0.14 77.98+£0.09 77.9640.14 77.91£0.13 77.8840.11F 77.86+0.10 77.95+0.06 78.03+0.10
page 90.4040.12% 90.35+0.26F 90.404:0.27 90.29£0.331 90.93+0.32 90.99+0.24 90.4940.32 90.88+0.35 90.604+0.25 90.93+£0.32 90.914+0.31 90.99+0.24 90.224+0.42F 90.80+0.32 90.774+0.38 90.99+0.24
shuttle 96.7540.08% 97.33+0.06% 97.3340.061 92.40+2.09% 97.8140.10 97.70£0.05F 94.75+2.43 96.80+2.10 97.85+0.05 97.65+0.10f 97.85+0.05 97.85+0.05 92.054+2.09F 97.59+0.121 97.85+0.05 97.85+0.05
wilt 94.6410.04 94.66+£0.08 94.661+0.08 94.66+0.08 94.66+0.08 94.66+£0.08 94.624+0.00 94.62+0.00 94.714+0.10 94.66+£0.08 94.71+0.10 94.71+£0.10 94.71+0.10 94.66+0.08 94.71+0.10 94.71+0.10
segmentation  67.40+0.56 65.93+0.67% 65.19+1.241 63.9440.951 67.14+1.14 68.14+£1.07F 66.02£1.79 66.3243.21 65.894+0.87F 65.71£0.951 66.67+£0.43 66.284+0.73 65.50£1.66 66.15+0.67 66.54+0.45 66.8040.56
iono 81.43+1.56 77.71£5.16 78.0047.15 80.57+5.16 84.29+3.61 83.71+£3.68 80.571+6.43 81.43+£6.32 82.574+3.43 82.00+£5.90 82.5742.77 82.57+2.77 76.00+6.29 72.86+4.521 80.57+5.16 84.00+2.91
wilt 97.1740.24 96.38+0.52 97.354+0.38 95.37+1.25f 97.294+0.65 97.35+£0.38 97.13+0.56 97.31£0.44 97.274+0.29 97.25+0.51 97.37+0.40 97.35+0.38 96.34+1.28 97.35+0.38 97.13+0.48 97.35+0.38
ecoli 69.70+2.71 64.24+4.35 62.73+4.94 63.3343.76 66.361+6.24 64.55+3.26 63.9413.76 63.03+4.75 64.55+3.12 61.82+4.64 60.91+8.10 66.06+6.82 65.15+1.66 64.554+4.94 62.73+4.66 67.27+4.85
yeast 63.45+1.90 66.15+2.35 63.24+1.94 63.31+£1.04 63.78+2.80 60.61£2.65 61.961+1.46 63.18£2.73 62.8443.64 62.64+3.29 62.50+2.87 63.18+2.79 59.804+3.74 62.09+2.85 62.50+2.45 63.78+3.60
ringnorm 68.324+1.271 68.67+£1.21 68.21+1.69 67.88+0.681 69.20+0.90 69.86--1.31 67.05+1.40F 68.55+1.22 69.174+0.82 68.53£1.03 68.88+1.10 69.3241.04 68.15+1.22F 68.80+0.86 68.86+0.77 69.1740.92
waveform 83.461+0.60 83.00+0.64 82.524+0.62 81.72+1.11F 82.78+1.21 83.26+0.78 82.8241.03} 82.86+0.74 83.4440.19 83.14+1.14 82.4040.94} 82.90+0.30f 82.80+1.05 82.32-+0.67% 82.54+0.471 83.86+0.74
gmm (10d)  99.70£0.25 99.80+0.25 95.58+5.24 97.59+£4.58 99.70£0.25 99.60£0.38 99.7040.60 99.80+0.25 97.39+£4.48 99.60£0.38 97.4944.53 99.50+0.32 99.50£0.32 99.7040.25 99.60+0.38 99.80+0.25
t-test (W/T/L)  3/10/0 3/10/0 3/10/0 6/7/0 0/13/0 /1171 2/11/0 0/13/0 1/12/0 2/11/0 1/12/0 1/12/0 4/9/0 3/10/0 1/12/0 —
Average Rank 7.62 8.85 10.96 13.15 5.35 542 11.19 6.58 9.23 8.04 6.35 12.77 10.58 9.15 2.69
TABLE IV

COMPARISON OF DIFFERENT DIVERSITY MEASURES WITH FTAD USING BAGGING TO PRODUCE AN ENSEMBLE WITH NBS AS INDIVIDUAL
CLASSIFIERS. THE COLUMN CALLED “ENSEM” IS THE CORRESPONDING RESULT FOR THE ENTIRE ENSEMBLE WITHOUT PRUNING. THE BEST
ACCURACY WITH A LOWER STANDARD DEVIATION IS INDICATED WITH BOLD FONTS FOR EACH DATASET (ROW)

Data Set Ensem Disag QStat Corre KStat DoubF KW Var Inter EntCC EntSK Diffi GeneD CFail EPBD

ames 57.3743.531 59.71+4.39 59.124+4.36 59.1244.36 59.1244.36 58.69+4.07 59.1244.36 59.1244.36 58.39+4.08 58.39+4.08 59.12+4.36 58.69+4.07 58.69+4.07 58.69+4.07
card 79.56+4.48 79.4245.57 79.1245.03 79.1245.03 79.1245.03 79.4245.57 79.4245.57 79.4245.57 79.56:5.44 79.56:5.44 79.1245.03 79.4245.57 79.42+4.85 79.4245.57
heart 84.07£3.23 84.44:+1.89 84.07+£2.22 84.07+£2.22 84.07+2.22 83.70+2.72 84.07+3.01 84.07+3.01 83.70+2.72 83.70+2.72 84.07+2.22 83.70+2.72 83.70+2.72 83.70+2.72
ringnorm 98.69+0.24 98.6610.25 98.6610.25 98.6640.25 98.6640.25 98.66+0.25 98.6640.25 98.660.25 98.660.25 98.660.25 98.660.25 98.660.25 98.660.25 98.660.25
wisconsin 96.00+1.11 96.00+1.37 96.00+1.37 96.0041.37 96.00+1.37 96.00+1.37 96.00£1.37 96.00+1.37 96.00+1.37 96.00+1.37 96.00+1.37 96.00+1.37 96.00+£1.37 96.00£1.37
landsat 90.30£0.73  90.48+0.73 90.48+0.73 90.48+0.73 90.48+0.73 90.48+0.73 90.48-0.73 90.48--0.73 90.470.71 90.48--0.73 90.48-20.73 90.48-20.73 90.47-£0.71 90.48-:0.73
shuttle 89.48+0.161 89.71:£0.14 89.71:0.14 89.71:0.14 89.71:£0.14 89.71-:£0.14 89.71+£0.14 89.71+0.14 89.71+0.14 89.71+0.14 89.71+0.14 89.71+0.14 89.71+0.14 89.71+0.14
ecoli 92.1242.78 92.424:3.46 92.4243.46 92.4213.46 92.4243.46 94.2442.61 92.4243.46 92.424-3.46 92.424-3.46 92.424-3.46 92.424-3.46 92.424-3.46 92.424-3.46 94.2442.61
yeast 58.24+42.641 60.20£1.67 57.30£3.33 57.30£3.33 57.30+£3.33 61.82+£1.46 61.82£1.46 61.82£1.46 60.27+1.64 60.20+1.67 57.30+3.33 61.69+1.70 61.49+1.61 61.82+1.46

mammo_graphic 80.73+3.04 79.79+2.76 79.694+2.57 79.69+2.57 79.694+2.57 79.58+2.72 79.48+2.61 79.4842.61 79.79+2.76 79.7942.76 79.69+2.57 79.58+2.72 79.58+2.72 79.58+2.72

madelon
sensor (2d)
sensor (4d)

58.85+2.37 58.9642.28 59.19£1.31 59.194+1.31 59.19£1.31 59.04+2.07 59.0442.07 59.04+2.07 59.5842.39 58.96+2.28 59.1941.31 59.04+2.07 58.92+2.22 59.0442.07
81.41£0.86 81.61£0.91 81.81+£0.57 81.81+£0.57 81.81+£0.57 82.02+0.70 81.81+0.57 81.81+0.57 81.59+0.93 81.61+0.91 81.81+0.57 82.02+0.70 81.92+0.76 82.02+0.70
74.57+0.88% 75.44+0.99 75.554+0.89 75.55+0.89 75.551+0.89 75.55+0.89 75.55+0.89 75.55+0.89 75.33+0.85 75.4440.99 75.55+0.89 75.554+0.89 75.51+0.94 75.55+0.89

waveform 85.2940.95 85.35+0.94 85.33+0.92 85.33+0.92 85.33+0.92 85.33+0.92 85.33+0.92 85.33+0.92 85.35+0.91 85.35+0.94 85.33+0.92 85.33+0.92 85.33+0.92 85.33+0.92
t-test (W/T/L) 4/10/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 —
Average Rank 9.89 6.71 7.21 7.21 7.21 6.79 7.21 7.21 7.68 7.86 7.21 7.43 8.57 6.79

! The reported results are the average test accuracy (%) of each method and the corresponding standard deviation under 5-fold cross-validation on each data set.
2 By two-tailed paired t-test at 5% significance level, 1 and 1 denote that the performance of EPBD is superior to and inferior to that of the comparative method, respectively.
3 The last two rows show the results of ¢-test and average rank, respectively. The “W/T/L” in t-test indicates that EPBD is superior to, not significantly different from, or inferior to the corresponding

comparative methods. The average rank is calculated according to the Friedman test [102].

SEP, PEP, MRMR, MRMC, DiscEP, TSP.AP, TSP.DP, GMA,
and LCS with the proposed EPBD method. The experimen-
tal results reported in Tables II and III contain the average
test accuracy of each method and the corresponding standard
deviation under five-fold cross-validation on each data set. For
instance, each row (data set) in Table II compares the classifi-
cation accuracy using bagging with the same type of individual
classifiers, indicating results with higher accuracy and lower
standard deviation by bold fonts. Besides, the significance of
the difference in the accuracy performance between the two
methods is examined by two-tailed paired t-tests at 5% sig-
nificance level to tell if two ensemble pruning methods have
significantly different results. Two methods end in a tie if there
is no significant statistical difference; otherwise, the one with
higher values of accuracy will win. The performance of each
method is reported in the last two rows of Table II, compared
with EPBD in terms of the average rank and the number of
datasets that EPBD has won, tied, or lost, respectively. We
may notice that OO or PEP might achieve the best results
instead of EPBD in a few cases. Yet EPBD could still reach
an equal level of accuracy performance without significant dif-
ference ending up with a tie. Moreover, both of them cannot
restrict the number of classifiers after ensemble pruning like
EPBD does, leading to keeping more individual classifiers than
we desire in most situations. Meanwhile, it could be inferred
that EPBD could achieve competitive results even though it
only keeps fewer individual classifiers, which means that the
principle we used to guide the pruning process is effective and

that utilizing our proposed relationship is reasonable. Fig. 9(a)
shows that EPBD could achieve competitive results as OO,
PEP, MRMR, and TSP.AP, and EPBD has significant superi-
ority over other compared pruning methods. Fig. 9(b) presents
the aggregated rank for each method, describing the similar
conclusions to Fig. 9(a). Fig. 9(c) and (d) illustrates the aggre-
gated time cost and the aggregated space cost for each pruning
method, respectively. It could be inferred that PEP, DiscEP,
and LCS usually cost huge processing time to do ensemble
pruning tasks. Similar results are reported in Fig. 10(c).

D. Comparison Between EPBD and FTAD Using Other
Diversity Measures

In this section, we compare the performance of FTAD with
various diversity measures involved, including pairwise mea-
sures (Disag, QStat, Corre, KStat, and DoubF) and nonpair-
wise measures (KW Var, Inter, EntCC, EntSK, Diffi, GeneD,
and CFail) with the proposed EPBD method. The experimen-
tal results reported in Tables IV-VI contain the average test
accuracy of each method and the corresponding standard devi-
ation under five-fold cross-validation on each data set. For
instance, each row (data set) in Table IV compares the classifi-
cation accuracy using bagging with the same type of individual
classifiers, indicating results with higher accuracy and lower
standard deviation by bold fonts. Besides, the significance of
the difference in the accuracy performance between two meth-
ods is examined by two-tailed paired z-tests at 5% significance
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Comparison of the state-of-the-art methods with EPBD on the test accuracy, using bagging to produce homogeneous ensembles. (a) Friedman test

chart (nonoverlapping means significant difference) [102]. (b) Aggregated rank for each pruning method (the smaller the better) [81]. (c) Aggregated time

cost for each method. (d) Aggregated space cost for each method.
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cost for each method. (d) Aggregated space cost for each method.

TABLE V
COMPARISON OF DIFFERENT DIVERSITY MEASURES WITH FTAD USING BAGGING TO PRODUCE AN ENSEMBLE WITH KNNS AS INDIVIDUAL
CLASSIFIERS. THE COLUMN CALLED “ENSEM” IS THE CORRESPONDING RESULT FOR THE ENTIRE ENSEMBLE WITHOUT PRUNING. THE BEST
ACCURACY WITH A LOWER STANDARD DEVIATION IS INDICATED WITH BOLD FONTS FOR EACH DATASET (ROW)

Data Set Ensem Disag QStat Corre KStat DoubF KWVar Inter EntCC EntSK Diffi GeneD CFail EPBD
gmm (2d) 96.90+0.63 96.9210.66 96.97+0.66 96.97+0.66 96.97+0.66 96.97+0.66 96.97+0.66 96.97+0.66 96.92-0.66 96.92+0.66 96.97--0.66 96.97-0.66 96.97--0.66 96.97--0.66
card 67.7442.33 68.0342.67 67.7443.28 67.7443.28 67.7443.28 68.91+2.83 68.91+2.83 68.91+2.83 67.88+2.85 68.03+£2.67 67.74+3.28 68.3242.15 68.91+£2.83 68.91£2.83
liver 64.06+£4.62 62.61£5.45 63.48+5.53 63.48+5.53 63.48+5.53 64.35+£4.36 63.19+6.77 63.19+6.77 62.61+£5.45 62.61+5.45 63.48+5.53 62.61+6.94 63.48+5.53 64.35+4.36
credit 74.1840.35F 74.6910.44 74.631£0.45 74.631£0.45 74.631£0.45 74.7240.35 74.7240.35 74.7240.35 74.70+£0.44 74.69+£0.44 74.63+£0.45 74.72£0.35 74.62£0.31 74.72£0.35
page 95.96+0.35 96.1140.34 96.11+0.29 96.11+0.29 96.11+0.29 96.11+0.29 96.110.29 96.110.29 96.110.34 96.110.34 96.11-20.29 96.11-20.29 96.11-20.29 96.11-£0.29
shuttle 99.8440.03 99.8340.02 99.8340.03 99.8340.03 99.8340.03 99.8340.03 99.8340.03 99.83+0.03 99.83+0.02 99.83+0.02 99.83+0.03 99.83+0.03 99.83+0.03 99.83+0.03
wilt 98.010.50 97.9740.54 97.8140.34 97.8140.34 97.8140.34 98.04+0.38 97.75+0.34 97.75+0.34 97.97+0.54 97.97+0.54 97.81£0.34 97.91£0.48 97.950.47 98.04-:0.38
ecoli 96.36+1.55 95.76+1.13 95.7641.13 95.761.13 95.7641.13 95.7641.13 95.7641.13 95.761.13 95.761.13 95.761.13 95.761.13 95.761.13 95.761.13 95.76+1.13
mammo_graphic 77.71£2.70 78.0242.76 77.9242.90 77.9242.90 77.9242.90 77.924£2.90 77.922.90 77.92:£2.90 78.122.81 78.02£2.76 77.92£2.90 77.92+£2.90 77.71£3.06 77.92+£2.90
madelon 70.384+2.21 70.461.96 69.6942.05 69.6942.05 69.6942.05 70.3141.89 69.9241.58 69.9241.58 70.15£1.96 70.46-:1.96 69.69+£2.05 70.31£1.89 70.35£1.94 70.31£1.89
sensor (4d) 96.99+0.50 96.8310.45 96.98+0.43 96.98+0.43 96.98+0.43 96.98+0.43 96.98+0.43 96.98+0.43 96.87+0.43 96.83+0.45 96.98-0.43 96.980.43 96.980.43 96.980.43
sensor (24d) 88.824+0.78 88.78+0.74 88.4310.66 88.4310.66 88.4310.66 88.56+0.57 88.5640.57 88.560.57 88.74+0.75 88.780.74 88.43+0.66 88.560.57 88.56+0.57 88.56+0.57
waveform 85.03+0.83 85.0940.60 85.07£0.78 85.0740.78 85.07+0.78 85.194+0.53 85.1540.57 85.15+0.57 85.0540.63 85.09+0.60 85.0740.78 85.07+0.32 85.174+0.26 85.19+0.53
EEGEyeState  96.72:£0.201 96.3740.21 96.2440.24 96.2440.24 96.2440.24 96.38+0.15 96.38+0.15 96.38£0.15 96.37£0.21 96.37£0.21 96.24:0.24 96.380.15 96.380.15 96.38+0.15
t-test (W/T/L) 171271 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 0/14/0 —
Average Rank 6.64 7.68 9.18 9.18 9.18 5.00 6.89 6.89 8.50 7.68 9.18 7.18 6.82 5.00
TABLE VI

COMPARISON OF DIFFERENT DIVERSITY MEASURES WITH FTAD USING ADABOOST TO PRODUCE AN ENSEMBLE WITH SVMS AS INDIVIDUAL
CLASSIFIERS. THE COLUMN CALLED “ENSEM” IS THE CORRESPONDING RESULT FOR THE ENTIRE ENSEMBLE WITHOUT PRUNING. THE BEST
ACCURACY WITH A LOWER STANDARD DEVIATION IS INDICATED WITH BOLD FONTS FOR EACH DATASET (ROW)

Data Set Ensem Disag QStat Corre KStat DoubF KW Var Inter EntCC EntSK Diffi GeneD CFail EPBD
gmm (10d) 99.80+0.25 99.80£0.40 99.80+0.40 99.80+0.40 99.80+0.40 99.80+0.40 99.8040.40 99.8040.40 99.80+0.40 99.80+0.40 99.80+0.40 99.80+0.40 99.80+0.40 99.80+0.40
sonar 62.934+3.90 64.39+4.25 64.39+7.96 64.39+7.96 64.39+7.96 62.44+4.25 65854740 65.8547.40 61.46+4.47 61.95+5.69 64.39+7.96 65.85+7.40 65.85+7.40 66.83+7.00
waveform 88.21+0.50f 89.97+0.52 89.8140.48f 89.8140.48f 89.81+0.48% 89.5140.77% 89.5140.77f 89.51+0.77f 89.974+0.52 89.97+0.52 89.81+0.48F 89.51+0.77f 89.51+0.77f 90.714+0.75
landsat 65.24+0.00 65.24+0.00 65.2410.00 65.24+0.00 65.24+0.00 65.24+0.00 65.2440.00 65.24+0.00 65.24+0.00 65.2430.00 65.24+0.00 65.2410.00 65.2410.00 65.24--0.00
page 90.59+0.21 90.99+0.51 90.95+0.48 90.95+0.48 90.95+0.48 90.95+0.48 90.95+0.48 90.954+0.48 90.86:+0.49 90.86+0.49 90.95+0.48 90.95+0.48 90.97+£0.44 90.99+0.41
shuttle 97.1240.15 97.28+0.18 97.2840.16 97.28+0.16 97.28+0.16 97.28+0.16 97.2840.16 97.28+0.16 97.28+0.18 97.28+0.18 97.28+0.16 97.28+0.16 97.284+0.16 95.25+2.08
yeast 65.00£1.14 55.41412.42 554141242 55.41+12.42 55.41+12.42 54.93+12.09 54.93£12.09 54.93+12.09 59.80+9.89 59.934+9.93 55.414+12.42 54.934+12.09 45.20£10.17% 65.07+£1.18
sensor (4d) 85.6310.90 84.47+0.78 84.00+1.45 84.00£1.45 84.00£1.45 77.58+8.33 84.014+0.85 84.01£0.85 84.47+0.78 84.47+0.78 84.00£1.45 81.21+7.51 81.2847.54 84.01£0.85
EEGEyeState  55.13+0.00 55.1340.00 55.13+0.00 55.13+0.00 55.134-0.00 55.13+0.00 55.13+0.00 55.1330.00 55.13+0.00 55.13+0.00 55.13+0.00 55.13+0.00 55.13+0.00 55.131-0.00
t-test (W/T/L) 1/8/0 0/9/0 1/8/0 1/8/0 1/8/0 1/8/0 1/8/0 1/8/0 0/9/0 0/9/0 1/8/0 1/8/0 27710 —
Average Rank 9.33 539 7.56 7.56 7.56 9.56 172 172 6.72 6.50 7.56 8.50 8.17 517

level to tell if two diversity measures used in FTAD have
significantly different results. Two measures end in a tie if
there is no significant statistical difference; otherwise, the one
with higher values of accuracy will win. The performance of
each measure is reported in the last two rows of Table IV,
compared with EPBD using the proposed diversity measure
in this article in terms of the average rank and the number
of datasets that EPBD has won, tied, or lost, respectively. It

could be inferred that EPBD could achieve competitive results
with FTAD using other diversity measures according to the
results of two-tailed paired #-tests in Tables IV-VI. The similar
observations also appear in Figs. 11(c) and 12(c). Moreover,
Figs. 11(c) and 12(c) present the time cost and space cost
for each diversity measure. It could be inferred that pairwise
diversity measures used in F7AD usually cost much more time
during the pruning process, as shown in Figs. 11(c) and 12(c).
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Fig. 11. Comparison of various diversity measures with FTAD and EPBD on the test accuracy, using bagging to produce homogeneous ensembles. (a) Friedman
test chart (nonoverlapping means significant difference) [102]. (b) Aggregated rank for each diversity measure (the smaller the better) [81]. (c) Aggregated

time cost for each measure. (d) Aggregated space cost for each measure.
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Comparison of various diversity measures with FTAD and EPBD on the test accuracy, using AdaBoost to produce homogeneous ensembles.

(a) Friedman test chart (nonoverlapping means significant difference) [102]. (b) Aggregated rank for each diversity measure (the smaller the better) [81].
(c) Aggregated time cost for each measure. (d) Aggregated space cost for each measure.
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Comparison of the space cost between EPBD and other methods that cannot fix the size of pruned subensembles. Although EPBD cannot fix the

number of individual classifiers in the pruned subensemble, it could guarantee that the size of the pruned subensemble is no more than the up limit of that
based on the pruning rate. (a)—(d) Using bagging with DTs, SVMs, LSVMs, and KNNs as individual classifiers, respectively. (e)—(h) Using AdaBoost with

DTs, SVMs, LSVMs, and KNNs as individual classifiers, respectively.

E. Comparison of Space Cost Between EPBD and Methods
That Cannot Fix the Size of Pruned SubEnsembles

In this section, we compare the accuracy and the space cost
between EPBD with the methods that cannot fix the size of
pruned subensembles, such as OO, DREP, SEP, PEP, and LCS.
The experimental results are reported in Fig. 13. As shown in
Fig. 13, DREP only keeps one of the individual classifiers that
is not an ensemble at all in most cases; OO, SEP, and PEP
usually generate pruned subensembles with a larger size than

the up limit of that; the size of pruned subensembles generated
by LCS is relatively steady around the up limit of that. Besides,
although EPBD cannot fix the number of individual classifiers
in the pruned subensemble, it could guarantee that the size
of the pruned subensemble is no more than the up limit of
that based on the pruning rate. More comparison of space cost
could be referred to Figs. 9(d) and 10(c) and (d). Therefore, we
could conclude that EPBD could run as expected to generate
a comparable ensemble performance with a smaller size to the
original ensemble.
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V. CONCLUSION

This article has investigated and utilized diversity in clas-
sification ensembles, and it made the following contributions
to the ensemble learning community. First, inspired by the
regression ensembles, this article proposed the measure of
diversity utilizing the error decomposition for classification
ensembles, which broke the error of classification ensembles
into two terms: 1) the accuracy and 2) the diversity terms. The
empirical results have confirmed that “div” is a distinct diver-
sity measure. Second, we have theoretically investigated the
relationship between the proposed diversity and generalization
of the ensemble through the bound between margin and gener-
alization. These theoretical analyses solve an open question in
the ensemble area to some extent, that is, when does diversity
help the generalization of ensembles? Based on the analyses,
the relationship between the proposed diversity and general-
ization error varies when the diversity is in different ranges.
In some ranges, more diversity could lead to better generaliza-
tion, while in other ranges, more diversity is not beneficial to
the generalization based on the bound analyses. Third, in order
to validate and employ the relationship of diversity to improve
the performance of ensembles, we have proposed EPBD that
can prune an ensemble without much performance degrada-
tion. Besides, an ensemble pruning framework (i.e., FTAD) is
proposed to utilize the tradeoff between accuracy and diver-
sity and generate pruned subensembles with a smaller size.
Note that in FTAD, not only the proposed diversity measure in
this article but also other existing diversity measures could be
employed. Although this generalization bound could be loose,
our work provides a direction and one theoretical attempt
to reveal the impacts of diversity on the generalization. Our
future work is to generalize the proposed methodology to the
multiclassification problems.

APPENDIX
EXAMPLE OF EXTENDED ANALYSES IN
MULTICLASSIFICATION PROBLEMS

In this section, we give a short example to extend the
aforementioned analyses in Section III to multiclassification
problems, which means ) = {0, 1, ..., n.—1} with n, (n, > 2,
ne € Z1) different labels. Individual classifiers in an ensem-
ble (F = {fi,...,fir]}) have been trained and are combined
by weighted voting, that is

Jens(X) = argmax Z wil(fi(x) = ck)

«€V jef|F|)

(35)

where w; is the weight corresponding to the individual classi-
fier fi, satisfying that 3 ;. ;ywi =1 ¥Yw; > 0. To extend the
aforementioned analyses in Section III to multiclassification
problems, we give the extended proposed error decomposi-
tion and diversity measure as a short example. To this end,
we need to extend the margin of an ensemble to multiclas-
sification problems first. Inspired by [110], we introduce a
new concept called “credence” of one classifier f(-), repre-
sented by cred(-), as mappings from X x ) to [0, 1], with
the interpretation that the result f(x) predicted by f is more
plausible for the label y of the instance x if cred(f, x,y) is

IEEE TRANSACTIONS ON CYBERNETICS, VOL. 52, NO. 9, SEPTEMBER 2022

closer to 1. Besides, the credence of the ensemble f.,s on one
instance (X, y) is defined as

cred(fens, X, y) = Z w; - cred(f;, X, y)
i€[|F]

(36)

therefore, the ensemble predicts label y for the instance x
if cred(fens, X, y) > maxy ., yey cred(fens, X, ) (and ties are
broken arbitrarily). Subsequently, the margin of the ensemble
on the instance is defined as

margin(fens, X) = cred(fens, X, y) — max cred(fens, X, y’)

V#y, yey
37

and that of one individual classifier f; could be obtained sim-
ilarly. Consequently, fons would give the wrong prediction on
(x, y) only if margin(feps, X) < 0. Similar to Section III-A, we
define the error function as

1 .
Err(fens, X) = 5(1 — margin(fens, X)) (33)
and the diversity measure would be
div(fons, X) = Y wi - Brr(fi, X) — Err(fens, ¥). (39)

i€[|F[]

The remaining issue is the definitions of credence. As we know
in binary classification problems where ) = {—1, +1}, the
credence of one classifier f is supposed to be viewed as

1
cred(f, x, y) = f(x)% (40)
As for the multiclassification problems where )Y =
{0,1,...,n, — 1} (n, > 2, n, € ZT), three functions could
be proposed as possible forms of credence, that is
cred | (f, x, y) = I(f(x) = y) (41a)
cred2(f,x,y) =1 — M (41b)
ne —1
2
cred3(f,x,y) =1 — M (41c)
(ne—1)

Consequently, the difference between the ensemble and its
individual members, defined as the “diversity” measure, could
be obtained by

div(fens, X)

= — | Err(fens. ) = D wi - Err(fi. %)

ie[|F|]
margin(fens, X) — margin(f;, x)
i€[|F]]
_ Z W cred(fens, X, y) — cred(f;, X, y)
= =
i€[|Fl] 2
— Z Wi (max cred(fens, X, y') — max cred(f;, X, y’)) (42)
‘ 2 \y#y Y#y
i€[|F]
that is

1
div(fons, X) = 3 Z w; - max cred(f;, x, y')
y
i€[|F]

_! max cred(fens, X, ).

(43)
2 ys#y
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Analogous results like Theorem 1 could be obtained sub-
sequently. Notice that the Appendix is to point out one
possibility of extending our theoretical results to multiclas-
sification problems, which is a start. Further investigations
and careful experiments are still needed before getting a more
promising conclusion.

(1]
[2]

[3]

[4]
(3]

(6]
(7]

(8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

REFERENCES

Z.-H. Zhou, Ensemble Methods: Foundations and Algorithms. Boca
Raton, FL, USA: CRC, 2012.

R. Girshick, J. Donahue, T. Darrell, and J. Malik, ‘“Rich feature hier-
archies for accurate object detection and semantic segmentation,” in
Proc. Comput. Vis. Pattern Recognit. (CVPR), 2014, pp. 580-587.

J. Wang, Z. Liu, Y. Wu, and J. Yuan, “Mining actionlet ensemble for
action recognition with depth cameras,” in Proc. Comput. Vis. Pattern
Recognit. (CVPR), 2012, pp. 1290-1297.

X. Zhou, L. Xie, P. Zhang, and Y. Zhang, “An ensemble of deep neural
networks for object tracking,” in Proc. ICIP, Oct. 2014, pp. 843-847.
H. Ykhlef and D. Bouchaffra, “An efficient ensemble pruning approach
based on simple coalitional games,” Inf. Fusion, vol. 34, pp. 28-42,
Mar. 2017.

J. Sun, L. Li, and Q. Hu, “Fault diagnosis based on pruned ensemble,”
in Proc. ICMLC, vol. 1, 2012, pp. 35-40.

J. H. Abawajy, M. Chowdhury, and A. Kelarev, “Hybrid consensus
pruning of ensemble classifiers for big data malware detection,” I[EEE
Trans. Cloud Comput., vol. 8, no. 2, pp. 398-407, Apr.—Jun. 2020.
Z. Liu, C. Li, X. Gao, G. Wang, and J. Yang, “Ensemble-based depres-
sion detection in speech,” in Proc. IEEE BIBM, 2017, pp. 975-980.
R. Diao, F. Chao, T. Peng, N. Snooke, and Q. Shen, “Feature selection
inspired classifier ensemble reduction,” IEEE Trans. Cybern., vol. 44,
no. 8, pp. 1259-1268, Aug. 2014.

Z. Sun, Q. Song, and X. Zhu, “Using coding-based ensemble learn-
ing to improve software defect prediction,” IEEE Trans. Syst., Man,
Cybern. C, Appl. Rev., vol. 42, no. 6, pp. 1806-1817, Nov. 2012.
W.-Y. Lin, Y.-H. Hu, and C.-F. Tsai, “Machine learning in financial
crisis prediction: A survey,” IEEE Trans. Syst., Man, Cybern. C, Appl.
Rev., vol. 42, no. 4, pp. 421-436, Jul. 2012.

A. Dutta and P. Dasgupta, “Ensemble learning with weak classifiers for
fast and reliable unknown terrain classification using mobile robots,”
IEEE Trans. Syst., Man, Cybern., Syst., vol. 47, no. 11, pp. 2933-2944,
Nov. 2017.

D. Guo, Y. Jin, J. Ding, and T. Chai, “Heterogeneous ensemble-based
infill criterion for evolutionary multiobjective optimization of expen-
sive problems,” IEEE Trans. Cybern., vol. 49, no. 3, pp. 1012-1025,
Mar. 2019.

Y. Bi, B. Xue, and M. Zhang, “Genetic programming with a new rep-
resentation to automatically learn features and evolve ensembles for
image classification,” IEEE Trans. Cybern., early access, Jan. 30, 2020,
doi: 10.1109/TCYB.2020.2964566.

J. Zhuang, K. Geng, and G. Yin, “Ensemble learning based
brain—computer interface system for ground vehicle control,” IEEE
Trans. Syst, Man, Cybern., Syst., early access, Dec. 9, 2019,
doi: 10.1109/TSMC.2019.2955478.

R. Cheng, W. Yu, Y. Song, D. Chen, X. Ma, and Y. Cheng, “Intelligent
safe driving methods based on hybrid automata and ensemble cart
algorithms for multihigh-speed trains,” IEEE Trans. Cybern., vol. 49,
no. 10, pp. 3816-3826, Oct. 2019.

N. Liu, H. Wu, and L. Lin, “Hierarchical ensemble of background mod-
els for PTZ-based video surveillance,” IEEE Trans. Cybern., vol. 45,
no. 1, pp. 89-102, Jan. 2015.

F. Xiong, Y. Xiao, Z. Cao, Y. Wang, J. T. Zhou, and J. Wu,
“ECML: An ensemble cascade metric-learning mechanism toward
face verification,” IEEE Trans. Cybern., early access, Jun. 10, 2020,
doi: 10.1109/TCYB.2020.2996207.

H. Song, D. Ding, H. Dong, and Q.-L. Han, “Distributed maximum
correntropy filtering for stochastic nonlinear systems under decep-
tion attacks,” IEEE Trans. Cybern., early access, Sep. 16, 2020,
doi: 10.1109/TCYB.2020.3016093.

X. Wu et al., “Top 10 algorithms in data mining,” Knowl. Inf. Syst.,
vol. 14, no. 1, pp. 1-37, 2008.

L. Rokach, “Ensemble-based classifiers,” Artif. Intell. Rev., vol. 33,
nos. 1-2, pp. 1-39, 2010.

[22]

[23]
[24]
[25]
[26]

[27]

[28]

[29]
[30]
[31]

[32]

[33]

[34]

[35]
[36]

[37]

[38]

[39]

[40]

[41]
[42]

[43]

[44]
[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

9073

F. Herrera, F. Charte, A. J. Rivera, and M. J. del Jesus, “Ensemble-
based classifiers,” in Multilabel Classification. Cham, Switzerland:
Springer, 2016, pp. 101-113.

S. Gu, R. Cheng, and Y. Jin, “Multi-objective ensemble generation,”
Wireless Data Min. Knowl., vol. 5, no. 5, pp. 234-245, 2015.

T. Dietterich, “Ensemble methods in machine learning,” in Proc. MCS,
vol. 1857, 2000, pp. 1-15.

Z. Lu, X. Wu, X. Zhu, and J. Bongard, “Ensemble pruning via individ-
ual contribution ordering,” in Proc. ACM SIGKDD, 2010, pp. 871-880.
E. Tang, P. Suganthan, and X. Yao, “An analysis of diversity measures,”
Mach. Learn., vol. 65, no. 1, pp. 247-271, Jul. 2006.

A. Tsymbal, M. Pechenizkiy, and P. Cunningham, “Diversity in search
strategies for ensemble feature selection,” Inf. Fusion, vol. 6, no. 1,
pp- 83-98, 2005.

L. Kuncheva and C. Whitaker, “Measures of diversity in classifier
ensembles and their relationship with the ensemble accuracy,” Mach.
Learn., vol. 51, no. 2, pp. 181-207, 2003.

G. Brown, “An information theoretic perspective on multiple classifier
systems,” in Proc. MCS, 2009, pp. 344-353.

Z.-H. Zhou and N. Li, “Multi-information ensemble diversity,” in Proc.
MCS, 2010, pp. 134-144.

Y. Yu, Y.-E Li, and Z.-H. Zhou, “Diversity regularized machine,” in
Proc. 1JCAI, 2011, p. 1603.

Z. Jiang, H. Liu, B. Fu, and Z. Wu, “Generalized ambiguity decom-
positions for classification with applications in active learning and
unsupervised ensemble pruning,” in Proc. AAAI, 2017, pp. 2073-2079.
A. Krogh and J. Vedelsby, “Neural network ensembles, cross validation,
and active learning,” in Proc. NIPS, 1995, pp. 231-238.

S. Geman, E. Bienenstock, and R. Doursat, “Neural networks and
the bias/variance dilemma,” Neural Comput., vol. 4, no. 1, pp. 1-58,
Jan. 1992.

N. Li, Y. Yu, and Z.-H. Zhou, “Diversity regularized ensemble pruning,”
in Proc. ECML-PKDD, 2012, pp. 330-345.

R. Herbrich and T. Graepel, “A PAC-Bayesian margin bound for linear
classifiers: Why SVMs work,” in Proc. NIPS, 2001, pp. 224-230.

R. Herbrich and T. Graepel, “A PAC-Bayesian margin bound for linear
classifiers,” IEEE Trans. Inf. Theory, vol. 48, no. 12, pp. 3140-3150,
Dec. 2002.

L. Breiman, “Bagging predictors,” Mach. Learn., vol.
pp. 123-140, 1996.

Y. Freund and R. Schapire, “A desicion-theoretic generalization of on-
line learning and an application to boosting,” in Proc. EuroCOLT, 1995,
pp. 23-37.

Y. Freund and R. Schapire, “A decision-theoretic generalization of on-
line learning and an application to boosting,” J. Comput. Syst. Sci.,
vol. 55, no. 1, pp. 119-139, 1997.

Y. Freund and R. E. Schapire, “Experiments with a new boosting
algorithm,” in Proc. ICML, vol. 96. Bari, Italy, 1996, pp. 148-156.
L. Breiman, “Random forests,” Mach. Learn., vol. 45, no. 1, pp. 5-32,
2001.

J. J. Rodriguez, L. I. Kuncheva, and C. J. Alonso, “Rotation forest:
A new classifier ensemble method,” IEEE Trans. Pattern Anal. Mach.
Intell., vol. 28, no. 10, pp. 1619-1630, Oct. 2006.

A. Chandra and X. Yao, “DIVACE: Diverse and accurate ensemble
learning algorithm,” in Proc. IDEAL, 2004, pp. 619-625.

F. Roli, G. Giacinto, and G. Vernazza, “Methods for designing multiple
classifier systems,” in Proc. MCS, 2001, pp. 78-87.

S. Gu and Y. Jin, “Generating diverse and accurate classifier ensem-
bles using multi-objective optimization,” in Proc. IEEE MCDM, 2014,
pp. 9-15.

G. U. Yule, “On the association of attributes in statistics: With illus-
trations from the material of the childhood society, &c,” Philos. Trans.
R. Soc. London A, vol. 194, nos. 252-261, pp. 257-319, 1900.

J. Cohen, “A coefficient of agreement for nominal scales,” Educ.
Psychol. Meas., vol. 20, no. 1, pp. 37-46, 1960.

D. B. Skalak et al., “The sources of increased accuracy for two
proposed boosting algorithms,” in Proc. AAAI, vol. 1129, 1996,
p- 1133.

T. K. Ho, “The random subspace method for constructing decision
forests,” IEEE Trans. Pattern Anal. Mach. Intell., vol. 20, no. 8,
pp. 832-844, Aug. 1998.

P. Sneath and R. Sokal, Numerical Taxonomy: The Principles and
Practice of Numerical Classification. London, U.K.: WH Freeman,
1973.

G. Giacinto and F. Roli, “Design of effective neural network ensembles
for image classification purposes,” Image Vis. Comput., vol. 19, no. 9,
pp. 699-707, 2001.

24, no. 2,

Authorized licensed use limited to: Copenhagen University. Downloaded on May 30,2026 at 09:45:44 UTC from IEEE Xplore. Restrictions apply.


http://dx.doi.org/10.1109/TCYB.2020.2964566
http://dx.doi.org/10.1109/TSMC.2019.2955478
http://dx.doi.org/10.1109/TCYB.2020.2996207
http://dx.doi.org/10.1109/TCYB.2020.3016093

9074

[53]
[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[79]

[80]

J. L. Fleiss, B. Levin, and M. C. Paik, Statistical Methods for Rates
and Proportions. Hoboken, NJ, USA: Wiley, 2013.

R. Kohavi et al., “Bias plus variance decomposition for zero-one loss
functions,” in Proc. ICML, vol. 96, 1996, pp. 275-83.

P. Cunningham and J. Carney, “Diversity versus quality in classifi-
cation ensembles based on feature selection,” in Proc. ECML, 2000,
pp- 109-116.

C. A. Shipp and L. I. Kuncheva, “Relationships between combina-
tion methods and measures of diversity in combining classifiers,” Inf.
Fusion, vol. 3, no. 2, pp. 135-148, 2002.

L. K. Hansen and P. Salamon, ‘“Neural network ensembles,” IEEE
Trans. Pattern Anal. Mach. Intell., vol. 12, no. 10, pp. 993-1001,
Oct. 1990.

D. Partridge and W. Krzanowski, “Software diversity: Practical statis-
tics for its measurement and exploitation,” Inf. Softw. Technol., vol. 39,
no. 10, pp. 707-717, 1997.

Y. Liu and X. Yao, “Ensemble learning via negative correlation,” Neural
Netw., vol. 12, no. 10, pp. 1399-1404, 1999.

H. Chen and X. Yao, “Multiobjective neural network ensembles based
on regularized negative correlation learning,” IEEE Trans. Knowl. Data
Eng., vol. 22, no. 12, pp. 1738-1751, Dec. 2010.

G. Zenobi and P. Cunningham, “Using diversity in preparing ensem-
bles of classifiers based on different feature subsets to minimize
generalization error,” in Proc. ECML, 2001, pp. 576-587.

Z. Liu, Q. Dai, and N. Liu, “Ensemble selection by grasp,” Appl. Intell.,
vol. 41, no. 1, pp. 128-144, 2014.

Y. Kokkinos and K. G. Margaritis, “Confidence ratio affinity prop-
agation in ensemble selection of neural network classifiers for dis-
tributed privacy-preserving data mining,” Neurocomputing, vol. 150,
pp- 513-528, Feb. 2015.

C.-X. Zhang, J.-S. Zhang, and Q.-Y. Yin, “A ranking-based strategy
to prune variable selection ensembles,” Knowl. Based Syst., vol. 125,
pp. 13-25, Jun. 2017.

R. Lysiak, M. Kurzynski, and T. Woloszynski, “Optimal selection of
ensemble classifiers using measures of competence and diversity of
base classifiers,” Neurocomputing, vol. 126, pp. 29-35, Feb. 2014.

I. Partalas, G. Tsoumakas, and I. P. Vlahavas, “Focused ensemble selec-
tion: A diversity-based method for greedy ensemble selection,” in Proc.
ECAI, 2008, pp. 117-121.

R. Caruana, A. Niculescu-Mizil, G. Crew, and A. Ksikes, “Ensemble
selection from libraries of models,” in Proc. ACM ICML, 2004, p. 18.
R. E. Banfield, L. O. Hall, K. W. Bowyer, and W. P. Kegelmeyer,
“Ensemble diversity measures and their application to thinning,” Inf.
Fusion, vol. 6, no. 1, pp. 49-62, 2005.

D. Margineantu and T. Dietterich, “Pruning adaptive boosting,” in Proc.
ICML, vol. 97, 1997, pp. 211-218.

Z.-H. Zhou, J. Wu, and W. Tang, “Ensembling neural networks: Many
could be better than all,” Artif. Intell., vol. 137, nos. 1-2, pp. 239-263,
2002.

G. Martinez-Muiioz and A. Sudrez, “Using boosting to prune bagging
ensembles,” Pattern Recognit. Lett., vol. 28, no. 1, pp. 156-165, 2007.
G. Tsoumakas, I. Partalas, and I. Vlahavas. “An ensemble pruning
primer,” in Applications of Supervised and Unsupervised Ensemble
Methods (Studies in Computational Intelligence), O. Okun and
G. Valentini, Eds., vol. 245. Heidelberg, Germany: Springer, 2009,
pp- 1-13.

H. Zhang, Y. Song, B. Jiang, B. Chen, and G. Shan, “Two-stage bagging
pruning for reducing the ensemble size and improving the classifi-
cation performance,” Math. Problem Eng., vol. 2019, Jan. 2019, Art.
no. 8906034.

M. A. O. Ahmed, L. Didaci, B. Lavi, and G. Fumera, “Using diver-
sity for classifier ensemble pruning: An empirical investigation,” Theor.
Appl. Informat., vol. 29, nos. 1-2, pp. 25-39, 2017.

X. Zeng, D. F. Wong, and L. S. Chao, “Constructing better classi-
fier ensemble based on weighted accuracy and diversity measure,” Sci.
World J., vol. 2014, Jan. 2014, Art. no. 961747.

G. Tsoumakas, I. Katakis, and I. Vlahavas, “Effective voting of
heterogeneous classifiers,” in Proc. ECML, 2004, pp. 465-476.

G. D. Cavalcanti, L. S. Oliveira, T. J. Moura, and G. V. Carvalho,
“Combining diversity measures for ensemble pruning,” Pattern
Recognit. Lett., vol. 74, pp. 38—45, Apr. 2016.

Z.-H. Zhou and W. Tang, “Selective ensemble of decision trees,” in
Proc. RSFDGrC, 2003, pp. 476-483.

1. Partalas, G. Tsoumakas, and I. Vlahavas, “A study on greedy
algorithms for ensemble pruning,” Dept. Informat., Aristotle Univ.
Thessaloniki, Thessaloniki, Greece, Rep. TR-LPIS-360-12, 2012.

H. Guo, F. Sun, J. Cheng, Y. Li, and M. Xu, “A novel margin-based
measure for directed hill climbing ensemble pruning,” Math. Problem
En%m\ﬁol. 2016

IEEE TRANSACTIONS ON CYBERNETICS, VOL. 52, NO. 9, SEPTEMBER 2022

[81]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]
[99]

[100]

[101]

[102]
[103]
[104]
[105]
[106]

[107]

[108]

[109]

C. Qian, Y. Yu, and Z.-H. Zhou, “Pareto ensemble pruning,” in Proc.
AAAI, 2015, pp. 2935-2941.

X. Xia, T. Lin, and Z. Chen, “Maximum relevancy maximum comple-
mentary based ordered aggregation for ensemble pruning,” Appl. Intell.,
vol. 48, no. 9, pp. 2568-2579, 2018.

J. Cao, W. Li, C. Ma, and Z. Tao, “Optimizing multi-sensor deployment
via ensemble pruning for wearable activity recognition,” Inf. Fusion,
vol. 41, pp. 68-79, May 2018.

V. Soto, S. Garcia-Moratilla, G. Martinez-Mufioz, D. Hernindez-
Lobato, and A. Sudrez, “A double pruning scheme for boosting
ensembles,” IEEE Trans. Cybern., vol. 44, no. 12, pp. 2682-2695,
Dec. 2014.

Y. Zhang, S. Burer, and W. N. Street, “Ensemble pruning via semi-
definite programming,” J. Mach. Learn. Res., vol. 7, pp. 1315-1338,
Jul. 2006.

G. Martinez-Muiioz, D. Herndndez-Lobato, and A. Sudrez, “An anal-
ysis of ensemble pruning techniques based on ordered aggregation,”
IEEE Trans. Pattern Anal. Mach. Intell., vol. 31, no. 2, pp. 245-259,
Feb. 2009.

G. Martinez-Munoz and A. Sudrez, “Aggregation ordering in bagging,”
in Proc. AIA, 2004, pp. 258-263.

1. Partalas, G. Tsoumakas, and I. Vlahavas, “An ensemble uncertainty
aware measure for directed hill climbing ensemble pruning,” Mach.
Learn., vol. 81, no. 3, pp. 257-282, 2010.

D. Hernandez-Lobato, G. Martinez-Munoz, and A. Suarez, “Statistical
instance-based pruning in ensembles of independent classifiers,” IEEE
Trans. Pattern Anal. Mach. Intell., vol. 31, no. 2, pp. 364-369,
Feb. 2009.

G. Martinez-munoz, D. Hernandez-lobato, and A. Suarez, “Statistical
instance-based ensemble pruning for multi-class problems,” in Proc.
ICANN, 2009, pp. 90-99.

J. Cao, W. Yuan, W. Li, and E. Xiaozheng, “Dynamic ensemble pruning
selection using meta-learning for multi-sensor based activity recog-
nition,” in Proc. SmartWorld/SCALCOM/UIC/ATC/CBDCom/IOP/SCI,
Aug. 2019, pp. 1063-1068.

D. Hernandez-Lobato, G. Martinez-Munoz, and A. Suarez, “Inference
on the prediction of ensembles of infinite size,” Pattern Recognit.,
vol. 44, no. 7, pp. 1426-1434, 2011.

W. Fan, F. Chu, H. Wang, and P. S. Yu, “Pruning and dynamic schedul-
ing of cost-sensitive ensembles,” in Proc. AAAI, 2002, pp. 146-151.
H. Wang, W. Fan, P. S. Yu, and J. Han, “Mining concept-drifting data
streams using ensemble classifiers,” in Proc. SIGKDD, Aug. 2003,
pp. 226-235.

J. D. Basilico, M. A. Munson, T. G. Kolda, K. R. Dixon, and
W. P. Kegelmeyer, “COMET: A recipe for learning and using large
ensembles on massive data,” in Proc. ICDM, 2011, pp. 41-50.

Z. Jiang, H. Liu, B. Fu, and Z. Wu, “A novel Bayesian ensemble
pruning method,” in Proc. ICDM Workshops, 2016, pp. 1205-1212.
B. Krawczyk and M. Wozniak, “Experiments on simultaneous combi-
nation rule training and ensemble pruning algorithm,” in Proc. CIEL,
2014, pp. 1-6.

L. G. Valiant, “A theory of the learnable,” Commun. ACM, vol. 27,
no. 11, pp. 1134-1142, 1984.

G. Brown, J. L. Wyatt, and P. Tiflo, “Managing diversity in regression
ensembles,” J. Mach. Learn. Res., vol. 6, pp. 1621-1650, Dec. 2005.
J. Mendes-Moreira, C. Soares, A. M. Jorge, and J. F. D. Sousa,
“Ensemble approaches for regression: A survey,” ACM Comput.
Surveys, vol. 45, no. 1, p. 10, 2012.

DM Department. The First and Second Derivatives. Accessed: Oct. 26,
2019. [Online]. Available: https://math.dartmouth.edu/opencalc2/cole/
lecture8.pdf

J. Demsar, “Statistical comparisons of classifiers over multiple data
sets,” J. Mach. Learn. Res., vol. 7, pp. 1-30, Jan. 2006.

M. Lichman. (2013). UCI Machine Learning Repository. [Online].
Available: http://archive.ics.uci.edu/ml

Y. Freund, “Boosting a weak learning algorithm by majority,” Inf.
Comput., vol. 121, no. 2, pp. 256-285, 1995.

G. Martinez-Mufioz and A. Sudrez, “Pruning in ordered bagging
ensembles,” in Proc. ICML, 2006, pp. 609-616.

S. Aghamolaei, M. Farhadi, and H. Zarrabi-Zadeh, “Diversity
maximization via composable coresets,” in Proc. CCCG, 2015, p. 43.
P. Indyk, S. Mahabadi, M. Mahdian, and V. Mirrokni, “Composable
core-sets for diversity and coverage maximization,” in Proc. PODS,
2014, pp. 100-108.

Wikipedia. Correlation Coefficient. Accessed: Nov. 2, 2020. [Online].
Available: https://en.wikipedia.org/wiki/Correlation_coefficient
Wikipedia. Pearson Correlation Coefficient. Accessed: Nov. 2,
2020. [Online]. Available: https://en.wikipedia.org/wiki/Pearson

orized Ilc’eﬁgé&ﬁls}e’Iflnulllég{%?COpenhagen University. Downloaded on May 30"865@&*‘&%%28%?‘6?8 from IEEE Xplore. Restrictions apply.



BIAN AND CHEN: WHEN DOES DIVERSITY HELP GENERALIZATION IN CLASSIFICATION ENSEMBLES? 9075

Huanhuan Chen (Senior Member, IEEE) received
the B.Sc. degree from the University of Science
and Technology of China (USTC), Hefei, China,
in 2004, and the Ph.D. degree in computer science
from the University of Birmingham, Birmingham,
U.K,, in 2008.

He is currently a Full Professor with the
School of Computer Science and Technology,
USTC. His current research interests include neu-
Yijun Bian received the B.Sc. degree in compu- ral networks, Bayesian inference, and evolutionary
tational mathematics from the College of Science, computation.

Northwest A&F University, Yangling, China, in Prof. Chen was a recipient of the 2015 International Neural Network
2014. She is currently pursuing the Ph.D. degree in  Society Young Investigator Award, the 2012 IEEE Computational Intelligence
computer science with the University of Science and  Society Outstanding Ph.D. Dissertation Award, the IEEE TRANSACTIONS
Technology of China, Hefei, China. ON NEURAL NETWORKS Outstanding Paper Award (bestowed in 2011

From 2018 to 2019, she was a visiting research  and only one article in 2009), and the 2009 British Computer Society
student with the DATA Lab, Texas A&M University,  Distinguished Dissertations Award. He serves as an Associate Editor for the
College Station, TX, USA. Her current research IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS
interests include ensemble learning and neural archi-  and the IEEE TRANSACTIONS ON EMERGING TOPICS IN COMPUTATIONAL
tecture search. INTELLIGENCE.

[110] R. Schapire et al., “Boosting the margin: A new explanation for
the effectiveness of voting methods,” Ann. Stat., vol. 26, no. 5,
pp. 1651-1686, 1998.

Authorized licensed use limited to: Copenhagen University. Downloaded on May 30,2026 at 09:45:44 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


