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Measuring Model-Induced Discrimination via
Efficient Fairness Approximation
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Abstract—Providing various machine learning (ML) applica-
tions in the real world, concerns about discrimination hidden
in ML models are growing, particularly in high-stakes domains.
Existing techniques for assessing the discrimination level of ML
models include commonly used group and individual fairness
measures. However, these two types of fairness measures are
usually hard to be compatible, and even two different group
fairness measures might be incompatible as well. To address
this issue, we investigate and evaluate the discrimination level
of classifiers from a manifold perspective and propose a fairness
measure named ‘‘harmonic fairness via manifolds (HFM)” based
on distances between sets. Yet the direct calculation of distances
might be too expensive to afford, reducing its practical applica-
bility. Therefore, we devise an approximation algorithm named
“approximation of distance between sets (ApproxDist)” to facilitate
accurate estimation of distances, and we further demonstrate its
algorithmic effectiveness under certain reasonable assumptions.
Empirical results indicate that the proposed fairness measure
HFM reflects bias from both individual and group fairness
aspects and that the proposed ApproxDist is effective and efficient.

Index Terms—Approximation, distance between sets, fairness
measure, machine learning (ML), metric space.

NOMENCLATURE

X Scalars, denoted by italic lowercase letters.

X Vectors, denoted by bold lowercase letters.

X Matrices/sets, denoted by italic uppercase
letters.

X Random variables, denoted by serif upper-
case letters.

R Real numbers.

Z Integers.

Zy Positive integers.

P(-) Probability measure of one random variable.

E() Expectation of one random variable.

V() Variance of one random variable.

F Hypothesis space.
f0) Models in the space F.
i €[n] ief{l,2,...,n} for brevity.

I. INTRODUCTION
Numerous real-world applications nowadays have been
advanced to assist humans thanks to the flourishing develop-
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ment of machine learning (ML) techniques, such as healthcare,
transportation, recruitment, and jurisdiction. For instance,
many scholars have attempted to develop ML systems to
alleviate resource constraints and reduce overall healthcare
costs, such as the early diagnosis of Alzheimer’s disease
and automated detection of suspicious mammographic lesions
for biopsy [1]. However, deploying ML systems in high-
risk scenarios raises concerns regarding unresolved safety
issues. These issues include erroneous predictions, lack of
confidence in predictions, imperfect generalisability, black box
decision-making, and insensitivity to impact and automation
complacency [1]. Among them, an area to investigate for
trustworthy Al is gradually gaining researchers’ attention, for
example, fairness in ML.

The reason why people worry about the fairness and reli-
ability of ML systems is that discriminative models may
perpetuate or even exacerbate inappropriate human prejudices,
which harm not only model performance but also society.
Taking the ML systems deployed for clinical use, for example,
shifted distributions exist within the collected medical datasets,
thus causing prediction failures, as a higher incidence of a
disease may be reported in people seeking medical treatment
in hospitals, whose characteristics are different from those
of a dataset collected for population studies [2]. Besides,
potential sources of dataset bias also exist, such as imbalanced
proportions for different groups, specific measurement biases
captured via imaging devices, systematic biases introduced by
human annotators, and distorted research subject to dataset
availability. Last but not least, inappropriate evaluation for
ML models may miss the desired target, and a strong focus
on benchmark performance would lead to diminishing returns,
where the performance gains of increasingly great efforts are
actually smaller and smaller [3]. It is worthwhile to choose
suitable metrics in evaluation, as improvements in traditional
metrics such as accuracy do not necessarily translate to practi-
cal clinical outcomes. Therefore, it is crucial in the responsible
deployment of ML systems to evaluate model performance
from both accuracy and fairness.

Unlike precise accuracy, however, the concept of “fairness”
is interdisciplinary with broadly varying definitions across
disciplines, such as law, politics, social sciences, quanti-
tative fields (mathematics, computer science, statistics, and
economics), and philosophy. Even in the field of computer
science that we mainly discuss in this article, there exist
so many fairness explanations or measures to choose from
when applied to the deployment of ML systems, of which
two typical categories are group- and individual-level fair-
ness. While individual-level fairness follows the intuition that
similar predicted outcomes are expected for similar individ-
uals (in other words, similar treatment) given some specific
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similarity metrics [4], [5], group-level fairness cares more
about the statistical disparity among groups divided by cer-
tain sensitive/unprivileged/protected characteristics, typically
including age, race, gender, disability, pregnancy, and sexual
orientation [6], [7]. Typical group-level fairness measures
include demographic parity (DP) (aka. statistical parity) [4],
[8], [9], [10], equalized odds [11], and predictive quality parity
(PQP) [12], and they, respectively, correspond to indepen-
dence, separation, and sufficiency in scenarios for sensitive
attributes with binary values [13]. However, it is hard to
meet all three criteria (aka. independence, separation, and
sufficiency) simultaneously, as imposing any two of them at
the same time would overconstrain the space to the point
where only degenerate solutions remain [13]. Moreover, sat-
isfying group fairness such as statistical parity may violate
individual fairness terribly [4], [5], [14]; the inherent trade-
off between fairness and accuracy also draws researchers’
attention [15]. Therefore, it is necessary to deliberate on the
incompatibility of these criteria when evaluating ML model
performance.

To this end, we investigate the possibility of assessing the
discrimination level of ML models from both individual and
group fairness aspects. In this article, we propose a novel fair-
ness measure from a manifold perspective, named “harmonic
fairness via manifolds (HFM),” to fulfill this purpose. Intu-
itively, by viewing instances as points on data manifolds, HFM
measures discrimination through the geometric discrepancy
between manifolds induced by privileged and unprivileged
groups. However, the calculation of HFM relies on a core
distance between two sets, which might be pretty costly.
To speed up the calculation and increase its practical appli-
cability, we propose an approximation algorithm to quickly
estimate the distance between sets, named as “approximation
of distance between sets (ApproxDist).” We also further
investigate its algorithmic properties under certain reasonable
assumptions, in other words, how effective it is to achieve
the approximation goal. Our contribution in this work is
fourfold.

1) We propose a fairness measure HFM that could reflect
the discrimination level of classifiers from both indi-
vidual and group fairness aspects, which is built on a
concept of distances between sets.

2) We propose an approximation algorithm named
“ApproxDist” to speed up the estimation of distances
between sets, in order to mitigate the disadvantage of
its costly direct calculation.

3) We further investigate the algorithmic effectiveness
of ApproxDist under certain assumptions and provide
detailed explanations.

4) Comprehensive experiments are conducted to verify the
effectiveness of the proposed HFM and ApproxDist.

II. RELATED WORK

In this section, we first introduce the sources of biases and
then summarize existing techniques to measure and enhance
fairness in turn.

A. Sources of Biases

Before addressing fairness concerns, it is necessary to
understand the origins of biases. Existing literature identifies
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two primary sources of unfairness: biases from the data and
biases from the algorithm [16]. Biased data collected from
various sources, like device measurements and historically
biased human decisions, directly influence ML algorithms,
perpetuating these biases. In addition, missing data, such as
instances or values, can introduce disparities between the
dataset and the target population, leading to biased out-
comes. Even with clean data, learning algorithms might yield
unfair results due to proxy attributes for sensitive features or
tendentious algorithmic objectives. For example, optimizing
aggregated prediction errors can advantage privileged groups
over marginalized ones.

B. Mechanisms to Enhance Fairness

Numerous mechanisms have been proposed to enhance
fairness and mitigate biases in ML models, typically cate-
gorized as preprocessing, in-processing, and postprocessing
mechanisms [14], [17], [18]. Preprocessing mechanisms [19],
[20], [21], [22] usually take place when the algorithm is
allowed to modify the training data, manipulating features or
labels before instances are fed into the algorithm, in order to
align the distributions of unprivileged and privileged groups
to minimize discrimination. For instance, recent scholarship
utilizes counterfactual samples [23], [24] or counterfactual-
like data augmentation [25] to promote fairness. In contrast,
postprocessing mechanisms [11], [26], [27] are normally used
when the learned model can only be treated as a black box
without any ability to modify the training data or learning algo-
rithm, by manipulating output scores or decoupling predictions
for each group. While preprocessing and postprocessing mech-
anisms offer flexibility across classification tasks, they have
drawbacks. Preprocessing mechanisms suffer from high uncer-
tainty in final accuracy, while postprocessing mechanisms
often yield inferior results due to the late-stage application in
the learning process. In addition, they may not fully achieve
individual fairness. In-processing mechanisms [28], [29], [30],
[31], [32] incorporate fairness constraints during training by
using penalty/regularization terms, while some of them [33],
[34] adjust fairness constraints in minimax or multiobjective
optimization settings. They usually impose explicit tradeoffs
between fairness and accuracy in the objective function, yet the
designated ML algorithm itself is tightly coupled with them as
well. It is worth noting that these approaches primarily focus
on mitigation rather than measurement, and their effectiveness
is relevant to the choice of the fairness measure that is applied.
It is hard to say which one outperforms the others in all cases;
the results depend on the fairness measures, datasets, and even
the handling of training-test splits [35].

C. Types of Fairness Measures

Various fairness measures have been proposed to facilitate
the design of fair ML models, generally divided into dis-
tributive and procedural fairness measures. Procedural fairness
concerns decision-making processes and includes feature-a
priori fairness, feature-accuracy fairness, and feature-disparity
fairness [36]. However, these measures are dependent on
features and a set of users who view the corresponding features
as fair ones and thus still risk hidden discrimination in the data.
Moreover, these user judgments may change over time, result-
ing in unstable outcomes and unpredictable computational
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demands as systems are recalibrated repeatedly. In addition, an
FAE-based (feature attribution explanation) metric has recently
been proposed to assess group procedural fairness, which,
however, depends on the specific FAE techniques employed
[37]; BENN [38] is also proposed for bias estimation, but
requires another unsupervised neural network to be trained,
adding some computational burdens.

Distributive fairness refers to decision-making outcomes
(predictions) and includes unconscious/unawareness fairness,
group fairness, individual fairness, and counterfactual fairness
[4], [39], [40], [41], [42], [43]. As the simplest, unawareness
fairness avoids explicitly using sensitive attributes but does not
address biases stemming from associations between protected
and unprotected attributes. Group fairness focuses on statis-
tical equality among groups defined by sensitive attributes,
including but not limited to DP, equalized odds, equality of
opportunity (EO)/equal opportunity, PQP, and disparate impact
[9]. In contrast, individual fairness is based on the princi-
ple that “similar individuals should be evaluated or treated
similarly,” where similarity is measured by some distance
between individuals, while the specified distance also matters
a lot. Besides, counterfactual fairness aims to explain the
sources of discrimination and qualitative equity through causal
inference tools. Other distributive fairness definitions include
fairness through unawareness [4], [44], calibration [45], mul-
ticalibration [46], [47], multiaccuracy [48], differentially fair
and intersectionality [49], and strategic minimax fairness [50].
Yet none of these are quantitative measures, except group
benefit ratio and worst case min—max ratio [51].

Moreover, the group fairness measures introduced in dif-
ferent types of fairness may hardly be compatible with each
other, for example, the occurrence between equalized odds and
DP, or that between equalized calibration and equalized odds
[11], [39], [52]. Individual and group fairness, such as DP, are
also incompatible except in trivial degenerate cases. Meeting
all three fairness criteria (i.e., independence, separation, and
sufficiency) simultaneously is demonstrated to be challenging,
often only achievable in degenerate scenarios [13]. Recently, a
fairness measure named “discriminative risk (DR)” has been
proposed to evaluate the bias level of classifiers from both
individual- and group-fairness aspects [53], and has been
incorporated into fairness-oriented preprocessing frameworks
such as FairSHAP [25]. Besides, achieving higher fairness
can often come at the cost of compromised accuracy [54].
Although some unique scenarios [55], [56] have recently been
proposed where fairness and accuracy can be concurrently
improved, constrained optimization with additional fairness
constraints likely results in reduced accuracy compared to
accuracy-focused optimization.

[II. METHODOLOGY

In this section, we formally study the measurement of
fairness from a manifold perspective. A list of some of the
standard notations we use is summarized in Nomenclature.

We also use S = {(x;,y;)}7., to denote a dataset where the
instances are independent and identically distributed (i.i.d.),
drawn from a feature/input-label/output space X x ) based
on an unknown distribution. The feature space X is arbitrary,

and the label space Y = {1,2,...,n.}J(n. > 2) is finite,
which could be binary or multiclass classification depending
on the number of labels (aka. the value of n.). Presuming
that the considered dataset S is composed of the instances
including sensitive attributes, also denoted by {(¥;, a;,y))}’,,
the features of one instance including protected or sensitive
attributes is represented as x = (¥,a), where for clarity
X =[x4..., xn),]T is nonsensitive attributes (possibly involving
proxy attributes though), n, € Z, is the number of nonsen-
sitive attributes, a = [ay, .. .,a,,a]T is the sensitive attributes,
n, € Zy(n, > 1) is the number of sensitive attributes allowing
multiple attributes, and a; € Z4 (1 < i < n,) allows both
binary and multiple values. A function f € F: X — Y
represents a hypothesis in a space of hypotheses F, of which
the prediction for one instance x is denoted by f(x) or y for
brevity.

A. Model Fairness Assessment From a Manifold Perspective

In this article, we mainly discuss the fairness measure in
scenarios for sensitive attributes with binary values, that is,
a € A = {0,1} and a; = 1 represents the majority or
privileged group for i € [n,]. Note that the observations could
be extended to sensitive attributes with multiple values as well.
In the case of instances with only one sensitive attribute, that
is, n, = 1 and x = (X, a), the original dataset S can be divided
into a few disjoint sets according to the value of the sensitive
attribute ay, that is, S; = {(x,y) € S | a1 = j} Vj € A. Because
A = {0, 1} is considered in this article, we could get Sy and
S'1, while the division also works for sensitive attributes with
multiple values, where A = {0,1,2,...} is a finite set. In other
words, as a; = 1 represents the majority or privileged group,
two subsets S| and S denote the privileged group and the
unprivileged group(s), respectively.

Inspired by the principle of individual fairness—similar
treatment for similar individuals, if we view the instances as
data points on manifolds, the manifold representing members
Jrom the unprivileged group(s) is supposed to be as close
as possible to that representing members from the privileged
group (motivation). A “manifold” refers to a topological space
that locally resembles Euclidean space in mathematics. Then,
given a specific distance metric on instances d(-,-),! we can
define the distance between sets (that is, S¢ and S| here) by

D(So,81)
for (x,y) in Sy, to find the nearest point in S
£ max { max min d((%,y),(¥,y)),
(x.y)eSo (x",y)ES ( Y ( y))
max min d((%,y), (¥,y , (1
(x7.y")eS (x,y)eSo (( Y ( y)) M

for (x’,y’) in S, to find the nearest point in Sg

and view it as an approximation of the distance between the
manifold of unprivileged groups and that of the privileged

Here we use the standard Euclidean metric. In fact, any two metrics dj, d
derived from norms on the Euclidean space R? are equivalent in the sense that
there are positive constants ¢y, c2 such that cjdj(x,y) < d2(x,y) < c2di(x,y)
for all x,y € RY.
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group. Notice that the distance defined above satisfies the
following basic properties.
1) For any two data sets So,S1 € X x V,D(S0,51) =0
if and only if Sy equals §;.
2) For any sets So,Si, and S,, we have the triangle
inequality D(S,S2) < D(S0,51) + D(S1,S52).
Analogously, for a trained classifier f(-), we can calculate

Ds(S0,51)

max min_d((%3), (¥,5)) .

(x,y)€S o (x",y")ES

(s, <xf§§‘e%0d (9. (¥.5)) - ()

= max

We remark that D(Sg,S ) reflects the biases from the data,
and D/(S,S ) reflects the biases from the algorithm. Then,
the following value could be used to reflect the fairness degree
of this classifier, that is,

Dy (So,51)
D(S0,51)

We name the fairness degree of one classifier by (3) as
“harmonic fairness via manifolds (HFM).” HFM is designed
to consider both individual- and group-fairness aspects simul-
taneously, and the reason why it can achieve this goal is
that: 1) HFM is built upon the concept of distance between
sets, which includes distances between individuals as a basis;
2) the similarity between instances is indicated by the dis-
tance between individuals, while the disparity between two
subgroups divided by sensitive attributes is indicated by the
distance between sets; and 3) by taking them together, HFM is
able to reflect fairness from both individual- and group-level
aspects.

We further give a few remarks on df(f) defined in (3).

1) Notice a degenerate case that d((¥, y;), (¥,y2)) = [y1—y2|.
We set X; ={¥|(x,y)eS;}and Y¥; ={y | (x,y) € S;} for
i€{0,1}. If X £ Xy = X, then D(S¢, S ) < maxgex{ly —
¥'l}. Similarly we have Dy(S0,51) < maxgex{lf(x) —
SN} In particular, if D(So, S 1) > 0 (resp. D¢(So,S1) >
0), then there exist two data points with exactly the same
nonsensitive attributes, while their sensitive attributes
and corresponding labels (predictions) are different.

2) df(f) measures the bias of the classifier concerning
the biases from the data. In particular, if df(f) = O,
then D(So,S1) = D(So,S 1), indicating that the classi-
fier does not introduce additional biases beyond those
inherent in the data. If df(f) > 0, then D¢(So,51) >
D(So,S1), suggesting that the algorithm introduces
biases beyond those initially present in the dataset. As
df(f) grows, the relative bias of the classifier with
respect to the biases from the dataset increases. Finally,
if df(f) < 0, then the classifier somehow reduces the
bias arising from the original data.

3) Assume that D(S(,S;) = 0, which means that the
original dataset is perfectly unbiased. If D¢(So,S() =0
as well, then we write df(f) = 0/0 — 1 = 0, indicating
that the classifier is also unbiased. On the other hand,
if D¢(So,51) > 0, then df(f) = +oo, indicating that the

df (f) = 3)
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classifier introduces biases by providing different outputs
for identical data with differing sensitive attributes.

4) As we can see in the definition, df(f) is achieved by
d((%,y),(¥',y")) for some (x,y) € Sy and (x',y’) € Sy,
and this implies that df(f) is highly sensitive to the
instances used in its computation.

HFM is interpretable in relation to data bias, because it
provides a signed, relative notion of model-induced bias with
a direct interpretation against the original data manifold dis-
crepancy. Note that, unlike common fairness measures, HFM
rather isolates model-induced bias relative to the bias already
present in the data and assesses the algorithmic behavior. This
distinction is important in practice, as it enables practitioners
to assess whether a model exacerbates existing disparities
beyond what is inherited from the data. The practitioners
are therefore advised to accompany other fairness measures,
because a model cannot be claimed to be fair only due to
df(f) = 0. Also note that no and n; are the number of instances
in So and S |, respectively. Then, the computational complexity
of directly calculating (1) or (2) would be O(ngn;), that is,
O(nog(n — ng)), which is expensive and less practical to be
applied on large datasets.

B. Quick Approximation of Distances Between Sets for
Euclidean Spaces

Given the high computational complexity of directly cal-
culating (1) and (2), that is, O(n?), it would be necessary to
speed up the calculation if we intend to use them to measure
the discriminative level of classifiers in practice.

Notice that the core operation in (1) and (2) is evaluating
the distance between data points inside X x ). To reduce the
number of distance evaluation operations involved in (1) and
(2), we observe that the distance between similar data points
tends to be closer than others after projecting them onto a
general 1-D linear subspace. In fact, let g: X x )Y — R be
a projection, then,

g —g (@) <A@, ). @

To be concrete, one possible candidate for the projection g
could be

(5a)
(5b)

o T
g, y;w) = g(¥,a,y;w) = [y, x1,..., %, ] W,

§ . T
g, fiw)=g¥,a, f(x);w)=[9x1,.... x| w,

where w = [wo, wq,... ,wnx]T is a random vector that meets
w; € [-1,1] for any i € {0, 1,...,n,} and > 1% [w;| = 1.

Now, we choose a random projection g : X x Y — R, then
we sort all the projected data points on R. According to (4), it
is likely that for the instance (x,y) in S, the desired instance
argmin,, g, d((¥,y), (X¥',¥")) would be someone near it after
the projection, and vice versa. Thus, by using the projections
in (5a), we could accelerate this process in (1) by checking sev-
eral adjacent instances rather than traversing the whole dataset.
Analogously, we could accelerate the process in (2) through
the projection in (5b) as well. For simplification, we record

{yi}, and {9}, as one denotation, that is to say, y could be
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Algorithm 1 Approximation of Distance Between Sets, aka.
ApproxDist({(¥;, a)b,, {(Vili; mi, m2)

Algorithm 2 Acceleration Sub-Procedure in Approximation,
aka. AcceleDist({(¥;, a)b, {Vikis,, wima)

Input: Dataset S ={(x;, )}, ={(¥;, a;,y)}i,, prediction of §
by the classifier f(-) that has been trained, that is, {§;}7_,
and two hyperparameters m; and m, as the designated
numbers for repetition and comparison respectively

QOutput: Approximation of distance D.(S, S ) in (6)

1: for j from 1 to m; do

2: Take a random vector w from the space W =
w=wo,wi, .., wn T 1 0wl = 1} € [=1, 1]

3: dlax = AcceleDist({(¥;, a)y,, Vi, wimy)

4: end for A

5: return min{dj. | j € [m])

the true label y or the prediction by the classifier f(-) or ¥y,
then we can rewrite (1), (2), and (5) as

D. (S(),Sl) = max

)+

max min_d((%,¥), (¥,
(x,)€S o (x',y")ES 1

(x/nvla}?sl(xnvl)ler}sod((x s ( )) > ©
2w = g a W) =[x, 5] w, (7)

respectively. Note that D.(-, ) is symmetrical.

Then we could propose an approximation algorithm to
estimate the distance between sets, named as “approximation
of distance between sets (ApproxDist),” shown in Algorithm 1.
Note that there exists a sub-route within ApproxDist to obtain
an approximated distance between sets, which is named as
“acceleration sub-procedure in approximation (AcceleDist)”
and shown in Algorithm 2. The sub-route will be repeatedly
executed several times with independently sampled random
projection vectors, and this design is intended to reduce the
chance of missing true nearest neighbors under an unfavorable
projection direction. As the time complexity of sorting in
line 2 of Algorithm 2 could reach O(nlogn), we could get the
computational complexity of Algorithm 2 as follows: 1) the
complexity of line 1 is O(n); and 2) the complexity from line 4
to line 10 is O(2m, + 1). Thus, the overall time complexity
of Algorithm 2 would be O(n(1 + logn + 2m;)) and that of
Algorithm 1 be O(mn(logn + my)). As both m; and m, are
the designated constants, the time complexity of computing
the distance is reduced to O(nlogn), which is more desirable
than the O(ngn;) complexity for the direct computation in
Section III-A, which is upper bounded by O(n?).

It is worth noting that in line 5 of Algorithm 1, we use
the minimum instead of their average value. The reason is
that in each projection, the exact distance for one instance
would not be larger than the calculated distance for it via
AcceleDist; and the same observation holds for all of the
projections in ApproxDist. Thus, the calculated distance via
ApproxDist is always no less than the exact distance, and
the minimal operator should be taken finally after multiple
projections. It also needs to be restated that neither ApproxDist
nor AcceleDist calculate D.(So,S1) in the same way as its
definition in (6), and they are supposed to provide its approx-
imated value. The idea behind them is that: 1) the distance

Input: Data points {(X;, a;)}7,, its corresponding value {¥;}7_,
where ¥; could be its true label y; or prediction J; by
the classifier f(-), a random vector w for projection,
and a hyperparameter m, as the designated number for
comparison

Output: Approximation of distance D.(S¢,S ) in (6)

1: Project data points onto a one-dimensional space based
on (7), in order to obtain {g(x;, ;; W)},
2: Sort original data points based on {g(x;, j;; w)}’_, as their
corresponding values, in ascending order
3: for i from 1 to n do
4: Set the anchor data point (x;,J;) in this round
5: // If a = j € {0,1}, in order to
approximate min(xr’y/)es\sj d((x;, ), (i’,j}/))
6: Compute the distances d((¥X;,¥;),:) for at most m,
nearby data points that meets @ # a; and g(x,V;w) <
8(xi, yi;w)
Find the minimum among them, recorded as d .

Compute the distances d((¥;,¥;),:) for at most m,

nearby data points that meets @ # a; and g(x,y;w) >

8 (xi, Vis w)
9:  Find the minimum among them, recorded as d
. 0 _
10:  d =min{d}, .d; .}
: end for
12: return max{d?) |i € [n])

between similar data points tends to be closer than others after
them being projected onto a general 1-D linear subspace, with
theoretical foundations presented in Section III-C; and 2) thus,
by using the projections, we can accelerate the process in (6)
by checking several adjacent instances rather than traversing
the whole dataset.

C. Algorithmic Effectiveness Analysis of ApproxDist

As ApproxDist in Algorithm 1 is devised to facilitate the
approximation of direct calculation of the distance between
sets, in this section, we detail more about its algorithmic
effectiveness under some conditions.

Before delving into the main result (see Proposition 1),
we first introduce an important lemma that confirms the
observation that “the distance between similar data points
tends to be closer than others after projecting them onto a
general 1-D linear subspace.” Note that projecting to a certain
fixed line L in the Euclidean space is like choosing a fixed
unit vector w (in the direction of L) and consider the inner
product (w,v) for each v, the number (w,v) means the length
of the projected vector of v on L, for simplicity we denote
it as Proj; (v). We notice that (w,v) has a sign, which stands
for the direction of the projected vector on the line L. The
absolute value of (w,v) means the real distance.

Lemma 1: Let v (resp. v,) be a vector in the n-dimensional
Euclidean space R" with length r| (resp. r;) such that r; <
r. Let w € R” be a unit vector. We define P(v;,v,) as the
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Fig. 1. Illustration of Lemma 1. The dashed lines represent the hyperplanes
that are perpendicular to (v — v2) and (v; + v2), respectively, and 6 denotes
the acute angle between the hyperplanes.

probability that [(w,v1)| > [(w,v2)|. Then,

sin ¢ r 2\
1 1
—~—<P(v1,v2)<(1+—;) L= (8)
T r ry
where ¢ represents the angle between v; and v;.
Proof: Notice that [{(w,v)| > [(w,v,)| is equivalent to

Wy — v, W)y +va,w) <O0. 9

If w satisfies (9), then it lies between two hyperplanes that are
perpendicular to v; — v, and v| + v,, respectively. Denote by
6 the angle between these two hyperplanes (which is equal to
the acute angle between v, — v; and v; + v, as shown in
Fig. 1), and 0 < 0 < 7/2, then P(vy,v;) = 6/n.2 Moreover,

200112 2
2 4wl [v2ll” = 4 (w1, v2)

sin> =1-cos® 6= 5 3 >
(W1l 4 1walP)” = 4wy, v2)

(10)

Here |[vi|> = (v;,v;) = 17 (i = 1,2) is the square length of the
vector. Recall that (v{,v,) = |[v{]l|[v2]|cos ¢. By (10), we have

2 21y 112
val” . 5 - A1l [val
b ”25 <sin® 6 < 5 e
2 (117 =+ lvall?)

Combining (11) with the fact that 26/r < sin 6 < 6, we
conclude that the probability P(v,,v,) = 6/ satisfies the
desired inequalities. Note that by (8), when the ratio r|/r,
goes to zero, the probability P(v{,v,) goes to zero. Also,

(1)

when r; = rp, and v; # Zv,, it is easy to calculate that
P(vy,v2) = 1/2, while the cases vi = =£v, are degenerate.
O

To understand Lemma 1, suppose that we have two vectors
v; with length ;. We can choose a random line Lyypgom Of the
Euclidean space, and we consider the projection to Liandom-
We know that for some Lisngom, it may happen that after
projection, the length of v; is larger than the length of v,,
and for the rest of the Lingom, the opposite relation holds.
Now we suppose that r| < r, (actually in application, we may
assume that r; < r, in most cases), and we randomly choose a
line L (to do the projection), what is the probability that, after
projecting onto L, we still have length Proj, (v;) < Proj; (v2)?
The lemma says that the probability of reversing the original
size relationship of the lengths of vectors is at most of order
r1/r2, and hence the probability of preserving the original size
relationship is at least 1 —O(ry/r;). In particular, if r|/r, goes
to zero (the length of v, is much larger than the length of v),

2Since the event only depends on the two inner products with v, — v; and
v1 + v2, by rotational invariance, it suffices to consider the 2-D plane spanned
by these two vectors. In this plane, the set of directions satisfying the above
inequality has total angle 26 out of 2.
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then the probability that Proj;(v;) < Proj,(v2) goes to one.
Now we take three data points p;, p,, p;, and we may consider
the distance vector v; = p, — p; and v, = p; — p;, the length
of these vectors corresponds to the distance of corresponding
data points. We may apply the previous lemma to v; and v,
to estimate the probability that after taking a projection to a
random line, the projection keeps the size relationship of the
distances between the given points (if the distance between p,;
and p, is less than the distance of p; and p;, then with the
probability estimated above and after projecting to the line, the
three projected points ¢q,, g, g5 satisfy that the distance of ¢q,
and ¢, is less than the distance of ¢; and ¢5). This explains
why “the distance between similar data points tends to be
closer than others after projecting them onto a general 1-D
linear subspace” in our observation. Furthermore, computing
the distance between two sets of points usually involves a lot
of computation of distances of points and comparing the size
relationship of lengths. To avoid the huge computation, we can
project the data points to random lines and sort the projected
points on this line. As the previous lemma suggests that, for
a fixed comparison of two distances from the same anchor
point, a random projection is unlikely to reverse the order
when the shorter distance is much smaller than the longer
one, and since such distance comparisons are likely to be
preserved under a random projection in the above sense, we
mainly need to evaluate the distances of data points that are
nearby after projection, which will save a huge amount of
computation.

Proposition 1: Let § = {(x;,y)}l., € X x ) be a
(k + 1)-D (instances have k + 1 features) dataset, evenly
distributed dataset with a size of n that is a random
draw of the training instances. For any two subsets of §
with distance d [ref. (6)], suppose further that the scaled
density

u

Vi@

inf —H#BNS
Sl;lp {B ball 10I11 radius r Vol (B) ( )%
for some positive real number y (here # denotes the number
of points of a finite set and B(d) denotes a ball of radius d).
Then, with probability at least

Tu n /‘J%l ™
N

ApproxDist could reach an approximate solution that is at most
a times the distance between these two subsets.

Proof: Let Sy and S| be two sub-datasets of §. We fix
the instance vo € So such that d = D(S¢,S{) = d(vg,v1)
for some vy € §;. For simplicity, we may set vy as the
origin. The probability that an instance v € S| has a shorter
length than v; after projection to a line [see (5)] is denoted
as P(vy,v). By assumption, we only need to consider those
instances whose length is greater than ad (outside the ball
B(ad) centered at the origin), that is, {v | v ¢ B(ad)}. Then,
the probability that AcceleDist fails to include such a candidate
is bounded above by 1/(m;) ZvéB(ad) P(vy,v); the probability
that we could not find an approximate solution by ApproxDist
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TABLE I

DATASET STATISTICS. THE COLUMN “#INST” REPRESENTS THE
NUMBER OF INSTANCES

Datasets #inst \ #feature \ #member in the privileged group
| raw [ binarized | Ist priv | 2nd priv
ricci 118 5 6 68 in race —
credit 1000 21 59 690 in sex 851 in age
income | 30162 14 99 | 25933 in race 20380 in sex
ppr 6167 11 402 4994 in sex 2100 in race
ppvr 4010 11 328 3173 in sex 1452 in race
Accuracy 4 0.284 -0.382 0.010 -0.006 0.253 0.211 06
f, score 0448 0.009 -0 407. 0299 0.217 04
Precision 40:284 -0.038 0.102 0.322 0.198 0.208 0.2
Recall {0:366-0.068 70.329. 0290 0.202 0.0
Specificity 40199 0.070 0.051 -0.162 0,057 0.090 02
R N 0.4
DP EO PQP DR df gf
Fig. 2. Comparison of baseline fairness measures and the proposed HFM,

evaluated on test data: Correlation heatmap between the evaluation metric
and fairness. Note that df is calculated directly by (3), and df is calculated
approximately with distances between sets computed using ApproxDist.

is (1/0m2) 3\ eniaa) P(v1,v))"". Hence, the desired probability
is bounded from below by

L > PrLy)

ny
vgB(ad)

my

1- (14)

However, (14) is based on the extreme assumption that all
instances lie on the same 2-D plane. In our case, the instances
are evenly distributed. Hence, we may adjust the probability

by multiplying
4\
()

Vol (5! () 1 (43
v - [=]
Vol (5% (&)
where I'(-) denotes the Gamma function and Vol(S (7)) denotes
the area of the ith dimensional sphere of radius r. Note that
Vol(Si(r)) = 2a+ V72 ¢y /(T((i + 1)/2)). Hence, by Lemma 1,
the desired probability is lower bounded by

w I (i) G

m
2 y¢B(ad) ”

T2

my

1- (15)

Under our assumption, (15) attains the lowest value when
the data are evenly distributed inside a hollow ball By \ B(d)
centered at vy. The radius of By, denoted as ry, satisfies

Vol (By \ B (d)) ro\k+1
- l=y—————= = — -1]). 1
S T 1) ”((d) ) (16)
Note that Vol(B(d)) denotes the volume of a

ball of radius d, and, for a ith dimensional ball,
Vol(Bi(d)) = (7'/?d")/(T'(i/2 + 1)). Also note their relationship
is Vol(S*(r)) = d/(dr)Vol(BT(r)).

In this situation, we may write the summation part of (15)
as an integration. To be more specific, (15) is lower bounded
by

a7

1- (L /rUA(x)yVOI (Sk(x))dx) |
my Jqu

d

where A(x) = (1 + (@)/(2) ATk + 1/2)/@¢ D7) -
(d/x)*. Moreover, (17) can be simplified as

1 ( 1 ro ﬂﬂ x d )"’11
- — = . — _dx)] .
mVolB (1)) Jou d VX242

Combining (16) and (18), we conclude that the desired prob-
ability is lower bounded by (19), that is,

(18)

1 m
2/(kt+D 2
e n 2, 1\2
— {1+ - 1] - 1
mVol (B (1)) <(+ﬂ) + ) (o"+1)
19)
And then the proposition follows from (19). O

The analysis in Proposition 1 relies on a uniform ball
assumption, which is admittedly strong and not directly ver-
ifiable for real-world data. This assumption is introduced
to enable a tractable analysis and to derive a nontrivial
lower bound on the probability that ApproxDist includes
true nearest neighbors in the candidate set. Intuitively, the
uniform ball condition ensures that each local neighborhood
has sufficient mass in all directions, allowing random pro-
jections to capture nearby points with bounded probability,
while the scaled density parameter u abstracts the worst
case local sparsity relative to the global scale. When these
assumptions are violated (for example, in the presence of
dense clusters, anisotropic structures, or highly uneven data
densities), the resulting bound may become loose or even
vacuous, as the underlying geometric argument no longer
applies. Importantly, this does not imply that ApproxDist fails
in practice. From an algorithmic perspective, violations of
the uniform ball assumption primarily affect the tightness
of the probabilistic bound, rather than the correctness of
the approximation procedure itself, since ApproxDist always
produces an upper bound of the true set distance by con-
struction. In fact, under clustered or nonuniform distributions,
random projections often preserve local neighbor relations
well, making the approximate candidate sets likely to contain
true nearest neighbors with high empirical probability. Since
clustered structures increase local point density, the probability
that true nearest neighbors appear among nearby projected
candidates is typically higher than the worst case scenario
captured by the uniform analysis. Moreover, our experiments
on nonuniform and clustered datasets (see Sections IV-D
and IV-E) confirm that the approximation quality remains
high beyond the scope of the current theoretical guarantees.
Extending the analysis to relax these assumptions using data-
dependent geometric measures, such as intrinsic dimension
or doubling dimension, is an interesting direction for future
work.

Moreover, note that by (13), the efficiency of Approx-
Dist decreases as the scaled density u/(Vol(B(d))) of the
original dataset increases. Meanwhile, when dealing with a
large-scale dataset, the more insensitive attributes we have,
the more efficient ApproxDist is. In general, the efficiency
of ApproxDist depends on the shape of these two sub-
sets of §. Roughly speaking, the more these two sets are
separated from each other, the more efficient ApproxDist
is.
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Fig. 3. Comparison of baseline fairness measures and the proposed HFM. (a) Friedman test chart (nonoverlapping means significant difference) on the test

accuracy, which rejects the null hypothesis that “all fairness-relevant rules have the same evaluation performance” at the significance level of 5%, and where
CD means the critical difference of average rank difference, calculated by Nemenyi posthoc test [58]; (b) aggregated rank of each fairness-relevant rule (the
smaller the better) [59] on the test accuracy. (c) and (d) Friedman test chart and the aggregated rank of each fairness-relevant rule on the f; score, evaluated
on test data. (e)—(h) Aggregated rank of each fairness-relevant rule on the DR and three group fairness measures, respectively. (i)—(1) Aggregated rank of each
fairness-relevant rule on the DR, DP, EO, and PQP, respectively. Note that the ranking rule in (a) and (b) and (e)—(h) is 0.05 X error rate + 0.95 X fairness,
and that in (c) and (d) and (i)—(1) is 0.1 x (1 —f] score) + 0.9 X fairness. Also note that in all of them except (a) and (c), the smaller (in the y-axis), the

better.

Now we discuss our choice of m; and m; according to
(13). In fact, (13) can be approximately written as 1 — ¢ -
nm/E+D " We can calculate the order of magnitude of
nm/&+D Mt by taking the logarithm

-1%1g (n%/mrzn‘) =m (lkgT'f —lg mz) .

The ApproxDist could reach an approximate solution with
probability at least 1 — ¢ - 107, In practice, we choose
positive integers my, and m; such that A is reasonably large,
ensuring that the algorithm will reach an approximate solution
with high probability. That is to say, a fine-grained tuning of
hyperparameters (m; or mj,) is not required, while they may
grow moderately with the dataset size.

(20)

IV. EMPIRICAL RESULTS

In this section, we elaborate on our experiments to evaluate
the effectiveness of the proposed HFM in (3) and ApproxDist
in Algorithm 1. These experiments are conducted to explore
the following research questions.

RQ1: Compared with the prevailing baseline fairness mea-
sures, does the proposed HFM capture the discriminative
degree of one classifier effectively, and can it capture the
discrimination level from both individual and group fairness
aspects?

RQ?2: Can ApproxDist approximate the direct computation
of distances in (6) precisely, and how efficient is ApproxDist
compared with the direct computation of distances?

RQ3: Will the choice of hyperparameters (that is, m; and
my in ApproxDist) affect the approximation results, and if the
answer is yes, how?

A. Experimental Setups

In this section, we present the experimental setting, includ-
ing datasets, evaluation metrics, baseline fairness measures,
and implementation details.

1) Datasets: Five public datasets were adopted in the
experiments: Ricci,? Credit,* Income (aka. Adult),” COMPAS
PPR, and COMPAS PPVR.® Each of them has two sensitive
attributes except Ricci, with more statistical details provided in
Table I, and is commonly used in the literature [57, Table 2].
Among these datasets, Ricci was used in a court case dealing
with racial discrimination, COMPAS PPR and PPVR were
relevant to racial discrimination in criminal risk assessments.

3https://rdrr.io/cran/StatZData/mzm/Ricci.html
4https://archive.ics.uci.edu/dataset/ 144/statlog+german+credit+data
5https://archive.ics.uci.edu/dataset/Z/adult

Shttps://github.com/propublica/compas-analysis/, that is, Propublica -
Recidivism and Propublica-Violent-Recidivism datasets
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Fig. 4. Comparison of baseline fairness measures and the proposed HFM, where “Attsn, #i” indicates the unfairness degree of the corresponding algorithm
regarding a;, that is, the ith sensitive attribute in the dataset. Four rows correspond to results on the Credit, Income, PPR, and PPVR datasets, respectively;
Five columns correspond to results using bagging, AdaBoost, LightGBM, AdaFair (mitigating bias from the first sensitive attribute), and AdaFair (mitigating
bias from the second sensitive attribute), respectively. Also note that y = 0.5 in the generalized entropy indices (GEI) computation.
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Fig. 5.

2) Evaluation Metrics: As data imbalance usually exists
within unfair datasets, we consider several criteria to evaluate
the prediction performance, including accuracy, precision,
recall (aka. sensitivity), f; score, and specificity. For effi-
ciency metrics, we directly compare the time cost of different
methods.

3) Baseline Methods: To evaluate the validity of Approx-
Dist in efficiently estimating the exact values of distances,
we compare it with EarlyBreak [60], an efficient algorithm
for calculating the exact distances. To evaluate the validity
of HFM in capturing the discriminative degree of classifiers,
we compare it with three commonly used group fairness

(e)

Another expression of sub-figures in the first row of Fig. 3, where (a)—(e) correspond to five columns (i.e., learning algorithms) respectively.

measures (that is, DP [9], [44], EO [11], and PQP [16],
[45]),7 two individual fairness measures (that is, generalized

"Three commonly used group fairness measures of one classifier f(-) are
evaluated as

DP(f) = [Pp [f(x) = 1la = 1] -Pp [f () = 1|a = 0| (21a)
EO(N)=[Pp[f(x)=1la=1y=1]
~Pp[f)=1la=0y=1]| (21b)
PQP(f) = [Pp[y=1la=1, f(x)=1]
~Pp[y=1la=0f() =1]| (2lc)
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Fig. 6. Comparison of approximation distances between sets with precise
distances that are calculated directly by definition, evaluated on test data.
(a) Scatter plot showing approximated values and precise values of distances
between sets. (b) Relative difference comparison of ApproxDist with direct
computation concerning distance values. (c) and (d) Comparison of time cost
(second) between ApproxDist and direct computation based on (6).

entropy indices (GEI) [61] and the Theil index (Theil) [62]),%
and DR [53]. Note that only DR can take both individual
and group fairness aspects into account at the same time.
Also note that BENN [38] and the FAE-based metric [37]
are not included because they require extra trained models
for unfairness evaluation, and therefore, they would break the
same conditions in a comparison.

4) Implementation Details: We mainly use bagging,
AdaBoost, LightGBM [63], FairGBM [64], and AdaFair [65]
as learning algorithms, where FairGBM and AdaFair are two
fairness-aware ensemble-based methods. Plus, certain kinds of
classifiers are used in Section IV-B—including decision trees
(DTs), naive Bayesian (NB) classifiers, k-nearest neighbors
(KNN) classifiers, logistic regression (LR), support vector
machines (SVMs), linear SVMs (linSVM), and multilayer

respectively, where x = (¥, a), y, and f(x) are, respectively, the features, the
true label, and the prediction of this classifier for one instance. Note that @ = 1
and 0, respectively, mean that the instance x belongs to the privileged and the
marginalized groups.

8For a constant y ¢ {0, 1}, the GEI for a problem with n instances are
defined, to quantify algorithmic unfairness, as

= O

where benefits b; = f(¥;,a;;) — yi + 1 and u = (Zib,-) /n. The Theil index
is a special case for y = 1, that is,

(22)

n

| b; b;
Theil = — —1 — .
=152 )

i=1 H

(23)

They are used additionally to group fairness measures to compare different
algorithms and determine which one is considered the fairest from an
individual perspective.

10The DR of this classifier is evaluated as

DR (f) = Ep [I(f (¥,a) # f (¥,@))]

where @ represents the disturbed sensivtive attributes. DR reflects the bias
degree of one classifier from both individual and group fairness aspects.

(24)
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Fig. 7. Effects of hyperparameters m; and my in ApproxDist. (a) and

(c) Effect of the hyperparameter my on the distance value; (e) effect of the
hyperparameter m> on the time cost, where m is set to 20. (b) and (d) Effect of
the hyperparameter m; on the distance value; (f) effect of the hyperparameter
my on the time cost, where my is set to [21g n] in terms of n—the size of
the corresponding dataset.

perceptrons (MLPs)—so that we have a larger learner pool
to choose from based on different fairness-relevant rules.
Standard fivefold cross-validation is used in these experiments;
in other words, in each iteration, the entire dataset is divided
into two parts, with 80% as the training set and 20% as the
test set. Also, features of datasets are scaled in preprocessing
to lie between 0 and 1. Except for the experiments for RQ3,
we set the hyperparameters m; = 25 and mp = [21lg n] in
other experiments, where n is the size of the corresponding
dataset. The value of 25 for m; is randomly chosen, which
is neither too large to incur high computational costs, nor too
small to lead to worse approximation effectiveness.

B. Comparison Between HFM and Group Fairness Measures

In this experiment, we evaluate the performance of the pro-
posed HFM compared with baseline group fairness measures.

As ground-truth discriminative levels of classifiers remain
unknown, and it is hard to directly compare different methods
from that perspective, we compare the Pearson correlation
coefficient between the performance and different fairness
measures. The empirical results are reported in Fig. 2. Note
that the reported HFM includes both df and (ff, where df
is the approximated value of the precise df via ApproxDist.
While HFM does not demonstrate a strong correlation with
evaluation performance, its correlation is better than EO and
PQP, as shown in Fig. 2. The reason might be that HFM is
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Fig. 8. Comparison between ApproxDist and EarlyBreak [60], on the Income
dataset. (a) and (b) Estimated values, generated by ApproxDist or EarlyBreak,
are accurate; (c) and (d) time cost comparison, showing that ApproxDist has
higher computational efficiency than EarlyBreak.

only used to measure the extra bias introduced by classifiers or
in the learning process, unlike other fairness measures that do
not distinguish extra bias from overall discrimination within.

We also compare the test performance of the classifier that
is chosen on training data based on fairness-relevant rules. In
other words, we use a rule of “g- (1 — performance) + (1 —
) - fairness” to select the best classifier and then report the
corresponding test performance of these selected classifiers.
The empirical results are reported in Fig. 3. We observe
from Fig. 3(a) and (b) that using HFM (i.e., df and df)
achieves the first and second best of the test accuracy over
using three group fairness measures and DR, and using DR
also achieves relatively good performance, which means it is
indeed useful to consider the discriminative level of classifiers
from both individual- and group-fairness aspects, while DP,
EO, and PQP only consider group-fairness aspects. It also
demonstrates that HFM could measure the discriminative
level of classifiers somehow from both individual- and group-
fairness perspectives, just like DR does. Using HFM also
demonstrates superior performance in Fig. 3(c) and (d). As
for Fig. 3(e) and (i), using HFM (i.e., df) presents relatively
weaker fairness performance, especially when compared with
DR. This is understandable because, unlike all other baseline
fairness measures, HFM only measures the newly introduced
bias by classifiers in the learning, without reflecting the bias
within the data. In other words, HFM is unlikely to recognize
the primitive bias hidden in the data if no extra bias is intro-
duced by the learner/classifier. Thus, HFM probably reflects
partial bias information in the learning compared with other
fairness measures, leading to relatively inferior performance.
However, it is worth noting that using HFM shows pretty
good results when evaluated from the perspective of PQP in
Fig. 3(h) and (I). Except for them, similar observations could
also be found in other sub-figures of Fig. 3.

C. Comparison Between HFM and Individual Fairness
Metrics

In this experiment, we evaluate the performance of HFM
in comparison with both group and individual fairness, with
empirical results presented in Figs. 4 and 5. As we can see
from the results on PPR and PPVR datasets (third to fourth
rows) in Fig. 4, AdaFair (fourth to fifth columns) presents good
performance concerning group fairness (especially, DP and
EO) yet still exhibits bias from the perspective of individual
fairness (GEI and Theil), and this phenomenon is indicated
in HFM, suggesting that discrimination is not fully eliminated
through AdaFair. Meanwhile, both HFM and group fairness
indicate the existence of slight bias in AdaBoost and Light-
GBM (second and third columns). Considering that HFM
can only capture the extra bias introduced in the learning
procedure, we believe HFM is already reflecting both group-
and individual-fairness aspects in its own way as best as it can.
Furthermore, we particularly notice that, in Fig. 5(d) and (e),
both DP and EO equal zero, and df(f) < 0, indicating that
AdaFair mitigates bias in learning, yet bias is still indicated
concerning PQP, GEI, and Theil. This is an interesting obser-
vation, suggesting that there is still room for AdaFair to
improve and further mitigate bias hidden in data.

D. Validity of ApproxDist to Approximate Distances Between
Sets for Euclidean Spaces

In this experiment, we evaluate the performance of the
proposed ApproxDist compared with the precise distance that
is computed by definition directly. To verify whether Approx-
Dist could achieve the true distance between sets accurately
and in a timely manner, we employ scatter plots to compare
their values and time cost, presented in Figs. 6 and 7 (and
Fig. 9 of Appendix). Particularly, we compare ApproxDist
with EarlyBreak [60], an efficient algorithm for calculating
the exact distances, in Figs. 8 and 10 of Appendix. From
them, we observe that the estimated values produced by
ApproxDist are close to the corresponding exact values of
distances, and that they consume much less time than those
produced by EarlyBreak. This suggests that ApproxDist has
higher computational efficiency.

Besides, as we can see from Fig. 6(a), the approximated
values of distance using ApproxDist are highly correlated with
their corresponding precise values. Besides, their linear fit line
and the identity line (that is, f(x) = x) are near and almost
parallel. Both observations mean that the approximation val-
ues of distance via ApproxDist are valid and acceptable.
Fig. 6(b) also shows that the relative difference between the
approximation values and direct computation of distances
is comparatively small and acceptable. It also shows that
the relative difference between them becomes smaller as the
distance D. increases. As for the time cost of ApproxDist
shown in Fig. 6(c), all approximated values of distance cost
less time than their direct computation of precise distance,
and we find in practice that the time saving is usually more
satisfactory when the used dataset is pretty large, such as on
the Income dataset. Similar observations could also be found
in Figs. 6(d), 7(e) and (f), and 9(e) and (g), where in most cases
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Fig. 9. Continuation of Fig. 6: comparison of approximation distances using ApproxDist with precise distances between sets that are calculated directly by
definition, evaluated on test data. (a) Scatter plot showing approximated value D and precise value D of distance between sets in (1). (b) Relative difference
comparison between D and D. (c) Scatter plot showing approximated value Df and prec1se value Dy of distance between sets in (2). (d) Relative difference
comparison between Df and Dy. (e) and (f) Comparison of time cost between getting D and D. (g) and (h) Comparison of time cost between getting Df and
Dy. Note that Fig. 6(a) is divided into (a) and (c), Fig. 6(b) is divided into (b) and (d), and Fig. 6(c) and (d) is divided analogously.

of large datasets that need a longer time to proceed with the
direct computation of distances, the time cost of ApproxDist
would not be worse than that of direct computation; yet in
smaller dataset cases, the time cost of direct computation is
less and completely acceptable, and using ApproxDist would
be less necessary.

As for Fig. 9, it is a more detailed version of Fig. 6
by separating Dy and D from D. in (6). Briefly speak-
ing, Fig. 9(a) and (c) exhibits the same observation as in
Fig. 6(a); Fig. 9(b) and (d) exhibits the same observation at
in Fig. 6(b); Fig. 9(e) and (g) exhibits the same observation
as in Fig. 6(c); Fig. 9(f) and (h) exhibits the same observation
as in Fig. 6(d). To summarize, all these figures show that the
approximated distances produced by ApproxDist closely match
the exact distances from direct computation, despite the use
of random projections. This empirical evidence also suggests
that ApproxDist is robust to the randomness introduced by
projection vectors and does not exhibit unstable behavior
across different runs.

E. Effect of Hyperparameters m; and my

In this section, we investigate whether different choices of
hyperparameters (that is, m; and mj;) would affect the per-
formance of ApproxDist or not. Different m, values are tested
when m; is set, and vice versa, with empirical results presented
in Fig. 7. As we can see from Fig. 7(e) and (f), obtaining
approximated values of distance distinctly costs less time than
that of precise values, while increasing m, (or m;) would cost
more time but still be less than that of precise values. As for
the approximation performance shown in Fig. 7(a) and (b), all
approximated values are highly correlated to the precise values
of distance no matter how small m; or m, is, which means the
effect of less proper choices of hyperparameters is relatively
unapparent; As m; (or my) increases, the approximated values
would become closer to the precise values of distance. This
means that the approximation quality remains stable over a
reasonably wide range of hyperparameter values, and that the

risk associated with suboptimal hyperparameter selection is
low in practice.

V. CONCLUSION

In this article, we investigate how to measure the discrim-
ination level of classifiers from both individual and group
fairness aspects and present a novel HFM based on distances
between sets. To facilitate the calculation of distances and
reduce its time cost from O(#?) to O(n log n), we propose
an approximation algorithm ApproxDist and further present
its algorithmic effectiveness analysis. The empirical results
have demonstrated that the proposed HFM and ApproxDist
are valid and effective. However, the limitation of ApproxDist
is that it may not converge and thus can only reach approx-
imated values of the distance. HFM also has a limitation
that it can only evaluate the extra bias introduced in the
learning procedure. In other words, if the learning algorithm
is purely “fair” and no extra bias is introduced, it may not
be able to detect whether discrimination exists in the data
already. It would therefore be beneficial if some other fairness
measures (such as GEI, Theil, and DR) are also considered
in model evaluation, accompanying HFM. In practice, we
indeed observed many zeros and even negative values, which
leaves an open question about how to interpret them in
such cases. In the future, we plan to explore the possibility
of a fuller bias evaluation in this direction. To exploit it
for improving learning algorithms could be interesting as
well.

APPENDIX
ADDITIONAL EMPIRICAL RESULTS

In this section, we list additional empirical results of
Section IV-D that are left out in the main paper to save space,
that is, Figs. 9 and 10.
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