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HL-HGAT: Heterogeneous Graph Attention Network
via Hodge-Laplacian Operator
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Nanguang Chen, Moo K. Chung , and Anqi Qiu , Senior Member, IEEE

Abstract—Graph neural networks (GNNs) have proven effective
in capturing relationships among nodes in a graph. This study in-
troduces a novel perspective by considering a graph as a simplicial
complex, encompassing nodes, edges, triangles, and k-simplices,
enabling the definition of graph-structured data on any k-simplex.
We design a novel Hodge-Laplacian heterogeneous graph attention
network (HL-HGAT) to learn heterogeneous signal representations
across k-simplices. The HL-HGAT incorporates three key compo-
nents: HL convolutional filters (HL-filters), simplicial projection
(SP), and simplicial attention pooling (SAP) operators, applied to
k-simplices. HL-filters leverage the unique topology of k-simplices
encoded by the Hodge-Laplacian (HL) operator, operating within
the spectral domain of the k-th HL operator. To address compu-
tation challenges, we introduce a polynomial approximation for
HL-filters, exhibiting spatial localization properties. Additionally,
we propose a pooling operator to coarsen k-simplices, combining
features through simplicial attention mechanisms of self-attention
and cross-attention via transformers and SP operators, capturing
topological interconnections across multiple dimensions of sim-
plices. The HL-HGAT is comprehensively evaluated across diverse
graph applications, including NP-hard problems, graph multi-label
and classification challenges, and graph regression tasks in logistics,
computer vision, biology, chemistry, and neuroscience. The results
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demonstrate the model’s efficacy and versatility in handling a wide
range of graph-based scenarios.

Index Terms—Graph neural network (GNN), graph
transformer, Hodge-Laplacian filters, simplex, graph pooling.

I. INTRODUCTION

GRAPH-structured data, embodying entities as nodes and
their relationships as edges, offer a robust framework

for modeling and analyzing complex interdependencies. To
harness the potent representations of these data, graph neural
networks (GNNs) have been engineered, primarily focusing on
node-centric message aggregation to discern features defined
on graph nodes [1], [2]. Such an approach has proved valu-
able across multiple domains, illuminating insights and driving
informed decisions [3], [4]. The versatility and utility of GNNs
stand out in predicting molecular generation and chemical prop-
erties [5], [6], analyzing brain networks [7], [8], forecasting
traffic flow in transport systems [9], [10], and numerous other
applications [11], [12], [13], [14], [15]. However, the real-world
frequently exhibits heterogeneous data defined on nodes, edges,
and more intricate connections among these graph elements [16],
[17]. Such scenarios reveal an extant gap: the need for a generic
GNN capable of comprehending and analyzing higher-order
relationships and dependencies within heterogeneous graph-
structured data.

The architecture of existing GNNs, analogous to conventional
convolutional neural networks (CNNs) [18], encompasses two
principal components: convolution over graph nodes and graph
pooling for spatial dimensionality reduction and multi-scale
learning [2]. However, the irregular topology of graphs poses
challenges to the shifting operation inherent in the convolution
on a graph. Current GNNs attempt to navigate this in two
ways, through the spatial and spectral domains. In the spatial
domain, GNNs endeavor to unearth valuable information from
node neighborhoods to facilitate message aggregation for node
convolution. Graph convolutional network (GCN) [3] and dy-
namic graph convolutional network (dGCN) [19] initiate graph
convolution with isotropic normalization filters, but they lack
adaptive node weighting. Some elaborate mechanisms are in-
troduced into convolutional layers to allow for adaptive aggre-
gation of neighborhood information into target nodes [4], [20],
[21], [22], such as clustering-based embedding mechanisms
in BrainGNN [20], attention mechanisms in graph attention
network (GAT) [4], general, powerful, and scalable (GPS) graph
transformer [22], and gating mechanisms in GatedGCN (gated
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graph convolutional network) [21]. Especially, the attention
mechanism via a transformer [23] perceives each node as a token
and learning weights over nodes of a graph for node-centric
message aggregation [4], [22].

In the spectral domain, graph convolution is achieved through
the design of spectral filters via the graph Laplacian, where filter
values represent the importance of neighborhood nodes [24].
For computational efficiency, Chebyshev polynomials and other
polynomial forms are used to approximate spectral filters for
GNNs [25], [26]. When dealing with larger graphs, spectral
graph convolution with polynomial approximation emerges as a
computationally efficient and spatially localized approach [26].

Despite their widespread use, node-centric convolutions are
not adept at managing high-order dimensional relationships
between nodes, edges, and beyond. Thus far, CensNet [27] and
Hypergraph NN [28] have employed techniques, such as line
graph transformation and dual hypergraph transformation, to
interchange the roles of nodes and edges within a graph. Spatial
graph convolution on simplicial complexes, including nodes and
edges, has been introduced using the Hodge-Laplacian opera-
tor [29], [30], [31], [32], [33], [34], [35]. The Hodge-Laplacian
operator generalizes the graph Laplacian to higher-dimensional
simplices, encoding the neighboring relationship between
higher-dimensional simplices. Bodnar et al. [33] proposed
a message-passing neural network for simplicial complexes
by firstly aggregating signals from neighboring simplices of the
same dimension followed by a nonlinear update function. This
approach was further extended by incorporating multihop neigh-
bors through the powers of the Hodge-Laplacian operator [31],
[32]. Meanwhile, Goh et al. [34] and Giusti et al. [35] intro-
duced a self-attention mechanism into the aggregation operation,
extending GAT to develop the Simplicial Attention Network
(SAT). These simplex-based GNNs have enabled traditional
GNN convolution to be applied beyond nodes, achieving sig-
nificant success in social networks, molecular science, and neu-
roscience [27], [28], [36], [37], demonstrating the advantages
of edge-based and simplex-based convolution when signals are
intrinsically linked to higher-dimensional simplices. However,
these models often neglect interactions between simplices of
different dimensions, and a comprehensive pooling method for
reducing the spatial scale of simplices across various dimensions
remains lacking.

The second crucial component of GNNs is graph pooling,
which serves to reduce data dimensionality and learn multi-scale
spatial information [38]. Currently, most graph pooling methods
first coarsen a graph by clustering nodes and then pool signals by
taking their average or maximum across the nodes within each
cluster [25], [39]. An alternative approach is to perform graph
pooling by discarding nodes based on their attention scores [40],
[41], or further extending the pooling method from nodes to
edges [42]. However, to the best of our knowledge, none of the
existing graph pooling methods consider higher-order interac-
tions between nodes, edges, or other parts in the signal pooling
process. Therefore, there is an urgent need for efficient and
innovative graph pooling methods that can utilize heterogeneous
information about nodes, edges, and beyond.

In this study, we present a pioneering approach, named the
Hodge-Laplacian heterogeneous graph attention network (HL-
HGAT). This model interprets a graph as a simplicial complex,
encompassing nodes, edges, triangles, and more, enabling the
definition of graph-structured data on any k-simplex. In this
setting, HL-HGAT aims to learn heterogeneous signal represen-
tations using Hodge-Laplacian (HL) operators on k-simplices
while capturing their intricate complex relationships across
k-simplices. We propose the HL-HGAT with three key ele-
ments: convolutional filters constructed by HL operators, multi-
simplicial interaction (MSI) by introducing simplicial projection
operators, and simplicial attention pooling (SAP) via simplicial
transformers. Notably, we utilize the k-th boundary operator
encoding the relationship between the (k − 1)-simplices and
k-simplices, enabling the construction of the k-th HL operator
on k-simplices. We then develop convolutional filters on k-
simplices in the spectral domain of the k-th HL operator, termed
HL-filters. This necessitates the computation of the k-th HL
eigenfunctions, which can be computationally demanding for
larger graphs. To mitigate this, we introduce a generic polyno-
mial approximation of the HL-filters, which exhibits a spatial lo-
calization property relative to the polynomial order, representing
a significant advancement in the field. Furthermore, we design
a simplicial projection operator that facilitates the conversion
of signals from k1-simplices to k2-simplices, enabling their
fusion and thereby enabling the learning of their interactions.
In addition, we define a pooling operator by coarsening the
k-simplices and consolidating features associated with these
simplices using attention mechanisms. These mechanisms en-
compass self-attention and cross-attention through the simplicial
projection operators and transformers, collectively referred to as
simplicial transformers. The simplicial transformers ascertain
the importance of each simplex by learning its weight while
gathering signals from its topologically connected simplices,
thereby assessing their relevance to a downstream task. There-
fore, our innovative solution—HL-HGAT—encompasses the
development of HL-filters, simplicial projection operators, and
simplicial transformers, providing a comprehensive framework
for capturing complex relationships in graph-structured data.

To rigorously assess the HL-HGAT model, we conducted
comprehensive evaluations across a diverse range of graph appli-
cations, including NP-hard, graph multi-label and classification,
and graph regression problems in the domains of logistics,
computer vision, biology, chemistry, and neuroscience. We com-
pared the HL-HGAT performance with state-of-the-art GNN
models, such as GCN [3], GAT [4], GatedGCN [21], GPS [22],
and SAT [34], as well as GNN models specialized for brain
network data, such as BrainGNN [20], dGCN [19], Hypergraph
NN [28], using six benchmark datasets. Our results include
interpretable attention maps that demonstrate the HL-HGAT’s
ability to learn meaningful representations at nodes, edges, and
beyond.

The rest of this paper is organized as follows. We summarize
the related work in Section II, detail each component of the
proposed HL-HGAT in Section III, and evaluate the performance
of HL-HGAT in Section IV, respectively.
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II. RELATED WORK

A. Convolution on a Graph

Spatial Domain: Graph convolution in the spatial domain
is a prominent technique in graph neural networks, providing
a mechanism to map signals on nodes into latent features by
leveraging information from their respective neighborhoods.
The concept of graph convolution was first introduced using
isotropic normalization filters to aggregate neighborhood signals
with equal weight, as illustrated by early works such as graph
convolutional network (GCN) [3] and dynamic graph convo-
lutional network (dGCN) [19]. These methods were relatively
straightforward and relied on the premise that every node in the
neighborhood contributes equally to the feature representation
of the target node. Although it provided a starting point for
graph convolution, it lacked the capability to capture the varying
importance of different nodes.

Recognizing the limitation of equal node contribution, subse-
quent development introduced various weight updating strate-
gies, accounting for signal differences between nodes. These
strategies incorporated attention or gating mechanisms to
discern the differences between nodes and assign weights
accordingly [4], [21]. The inclusion of these mechanisms al-
lowed for the realization of anisotropic convolutions, leading
to more nuanced and effective aggregation of neighborhood
information. For instance, the gated graph convolutional net-
work (GatedGCN) developed by Bresson and Laurent (2017)
leverages a gating mechanism to introduce anisotropy into the
convolution process [21]. The gating mechanism, inspired by
recurrent neural networks (RNNs), facilitates dynamic weight
assignment based on the relationships between nodes, ensuring
a more accurate and adaptive aggregation process. Similarly,
the graph attention network (GAT) utilizes a transformer ar-
chitecture to learn attention coefficients that assign different
weights to neighboring nodes based on their importance [4].
The attention mechanism allows the model to focus on rele-
vant nodes, leading to more efficient feature extraction. Sim-
plicial Attention Network (SAT) [34], an extension of GAT
to higher-dimensional simplices, performs spatial convolution
by aggregating signals from neighboring simplices. Unlike
previous methods that aggregate neighborhood signals with
equal weights [31], [32], [33], SAT employs a self-attention
mechanism to assign different weights to the target simplex
and its neighboring simplices. This mechanism enables SAT
to effectively model signals on high-dimensional simplices, al-
lowing for more comprehensive feature extraction from complex
structures.

In addition to the previously mentioned techniques, there are
other innovative approaches such as Graph Transformer, which
treats each node as a token and encodes its position along with
signals on nodes [23]. This method allows for the capture of
global dependencies between nodes, enhancing the expressive
power of graph convolution. A more recent approach is the
general, powerful, and scalable (GPS) graph transformer [22].
This model blends the strengths of traditional transformers with
spatial graph convolution in each layer to effectively learn signal
representation over nodes. This innovative approach encapsu-
lates the benefits of spatial-based graph convolution techniques,

providing a robust tool for handling graph-structured data de-
fined on nodes of graphs.

Spectral Domain: In the spectral domain, graph convolution
can be achieved via the graph Laplacian that captures the graph’s
topological characteristics [24]. The groundbreaking work of
Defferrard et al. revolutionized the application of convolution
operations to graphs in the spectral domain [25]. They developed
a fast localized convolutional filter that propagates information
within the k-hop neighborhood of a node. Here, a “hop” signifies
the adjacency relationship between nodes: two nodes are within
one hop of each other if they are directly connected by an edge.
The k-hop neighborhood of a node encompasses all nodes reach-
able within k hops. To enhance the efficiency of this convolution
operation, a parameterization based on Chebyshev polynomials
is proposed [25], [26]. Polynomials (e.g., Chebyshev, Hermite,
Laguerre) are a sequence of orthogonal polynomials, which
are well-suited to approximation tasks [26]. By expressing the
graph convolution operation in terms of polynomials, the graph
convolution achieves linear computation complexity. This devel-
opment was a significant contribution, as it made the convolution
operation computationally feasible for large-scale graphs.

However, the state-of-the-art in graph convolution is not with-
out limitations. The convolution operations focus primarily on
nodes and the messages are passed solely among these entities.
This methodology overlooks the rich information contained
in higher-dimensional simplices, such as edges (1-simplices)
and triangles (2-simplices). Edges, for instance, embody crucial
relationships between nodes, and their information may be valu-
able in many graph-related tasks. Hence, future research in the
spectral domain of graph convolution could benefit significantly
from exploring methods that can effectively utilize information
from these higher-dimensional simplices, which is the focus of
the present study.

B. Graph Pooling

Graph pooling is a crucial operation in GNNs that mirrors
the function of pooling layers in traditional CNNs [18]. Its
primary objective is to reduce the spatial dimensionality of
graph data while preserving the essential structural information.
One common approach to graph pooling is to group nodes
into clusters and then aggregate (or pool) the signals within
each cluster. This aggregation can be achieved by taking the
average or the maximum signal value within each cluster, which
effectively reduces the dimensionality while capturing the intra-
cluster relationships [25]. Similarly, MinCutPool, inspired by
spectral clustering, encourages nodes within the same cluster to
be strongly connected and have similar features by utilizing a
minCUT loss [43].

Differentiable graph pooling (DIFFPOOL) softens the assign-
ment of nodes to clusters by using a learned assignment matrix
that probabilistically maps nodes to clusters in a coarsened
graph [39]. This process makes the pooling operation differen-
tiable and facilitates end-to-end training of the GNN. However,
this approach can be both memory and computationally expen-
sive as it requires learning a dense assignment matrix.

Another approach to graph pooling is to discard a fixed
proportion of nodes based on some criterion. For example,
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Fig. 1. Illustration of simplices, boundary operators, and simplex downsampling. Panel (a) illustrates a graph with the 0-, 1-, 2-simplices, while Panel (b) displays
its corresponding 1-st and 2-nd boundary operators. Panel (c) demonstrates an example of the simplex downsampling and the update of the corresponding boundary
operators. In the simplex assignment matrix, each row corresponds to the k-simplex of the downsampled graph, and each column corresponds to the k-simplex of
the original graph.

TopKPool applies a linear layer to project node features into
scalars and then ranks them, selecting the k nodes with the
largest values [40]. Similarly, topology-aware pooling (TAPool)
generates scores from both local and global voting and selects
nodes based on these scores [41].

Despite the considerable progress in graph pooling, a notable
gap remains in applying these techniques to k-simplices, which
are generalizations of nodes (0-simplex), edges (1-simplex),
triangles (2-simplex), and so on. These higher-order structures
contain rich information about the topological properties of the
graph, which is underutilized in current graph pooling meth-
ods. The challenge of effectively pooling such complex, multi-
dimensional structures is our research to generalizing GNNs on
k-simplices.

III. METHODS

In this section, we provide a comprehensive exploration of
the mathematical foundation that underlies Hodge-Laplacian
spectral filters (HL-filters) and simplicial attention pooling

(SAP) operators when applied to k-simplices, as well as multi-
simplicial interaction (MSI) across multi-dimensional sim-
plices. Within the overarching framework of HL-HGAT, we shed
light on the HL-filters’ association with k-simplices through the
utilization of the k-th HL operator, accompanied by an in-depth
discussion of their polynomial approximations. Subsequently,
we introduce the simplicial projection (SP) operator, designed
to facilitate signal transformation between simplices of differ-
ent dimensions, while also introducing the concept of MSI to
enable the learning of signal representations spanning across
multi-dimensional simplices. This discussion is further enriched
with the introduction of simplicial attention pooling, a novel
approach that leverages attention mechanisms to distill features,
both intrinsically within a specific dimensional simplex and
interdimensionally across a multitude of simplices.

A. Spectral Filters Via the Hodge-Laplacian Operator
(HL-Filters)

Let’s denote a graph by G as a simplicial complex comprising
nodes, edges, triangles, and k-simplices, as shown in Fig. 1(a).
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A node on G corresponds to a 0-simplex, denoted as σ0; an edge
on G, connecting two nodes, represents a 1-simplex, denoted as
σ1; a k-simplex σk is defined as a k-th polytope with (k + 1)
nodes. In this study, we utilize the k-th boundary operator ∂k to
characterize the relationship between the (k − 1)-simplex and
k-simplex on G. For k ∈ Z

+, this k-th boundary operator is
expressed in a matrix form as

[∂k]ij =

⎧⎨
⎩

1 , if σi
k−1 is positively oriented w.r.t. σj

k ;

−1 , if σi
k−1 is negatively oriented w.r.t. σj

k ;
0 , otherwise ,

(1)
The element of ∂k in the i-th row and j-th column indicates
whether the i-th (k − 1)-simplex σi

k−1 belongs to the j-th
k-simplex σj

k. An illustrative example is given in Fig. 1(b) to
present the construction of the boundary operators.

Specifically, if we assume that a graph G has n0 nodes, it is
worth noting that the element [∂1]ij encodes whether the i-th
and j-th nodes (i.e., 0-simplices) are connected to form an edge
(i.e., a 1-simplex) [44]. In graph theory [45], the 1-st boundary
operator ∂1 is equivalent to a traditional incidence matrix with
size of n0 × n0×(n0−1)

2 , where nodes are indexed over rows and
edges are indexed over columns. When [∂1]ij is equal to ±1,
the i-th and j-th nodes form an edge that connects these two
nodes. Similarly, the 2-nd boundary operator ∂2 encodes how
1-simplices (i.e., nodes) are connected to form a 2-simplex (i.e.,
a triangle).

We now design spectral filters via the k-th Hodge-Laplacian
(HL) operator on the k-simplices. The k-th HL operator is
defined as

Lk = ∂k+1∂
�
k+1 + ∂�

k∂k . (2)

Note that a special case of k = 0 is the 0-th HL operator over
nodes, that is,

L0 = ∂1∂
�
1 . (3)

This special case is equivalent to the standard graph Lapla-
cian operator, i.e., L0 ≡ Δ. By solving the eigensystem of the
k-th HL operator, we can obtain a set of orthonormal bases
{ψ0

k, ψ
1
k, ψ

2
k, · · · } on the k-simplices, that is,

Lkψ
j
k = λ

j
kψ

j
k , (4)

where λ
j
k represents the jth eigenvalue corresponding to the jth

eigenvector ψj
k, and λk = [λ0

k, λ
1
k, λ

2
k, · · · ]� is the spectrum of

the matrix Lk.
Now we consider an HL-filter h(·) with spectrum as

h(·, ·) =
∞∑
j=0

h(λj
k)ψ

j
k(·)ψj

k(·). (5)

A generic form of convolution of a signal x with a HL-filter
h(·) on the heterogeneous graph G can be defined by firstly
transforming the signal to the spectral domain and then filtering
it based on the corresponding spectrum of h [26], [46], that is,

x′(·) = h ∗ x(·) =
∞∑
j=0

h(λj
k)c

j
kψ

j
k(·) , (6)

where x(·) = ∑∞
j=0 c

j
kψ

j
k(·). Specifically, the signal x is de-

fined on the nodes of the graph G when k = 0.

B. Polynomial Approximation of HL-Filters

The shape of a HL-filter (e.g., h(·) in (6)) determines how
many simplices are aggregated in the filter process. When G is
large, the computation of λ

j
k and ψj

k is intensive. To mitigate
the costly computation, in this subsection, we propose to ap-
proximate a HL-filter by the expansion of polynomials, that is,
{Tp | p = 0, 1, 2, . . . , P − 1}, such that

h(λk) =

P−1∑
p=0

θpTp(λk) , (7)

where θp is the expansion coefficient associated with the pth-
order polynomial. The coefficients {θp | p = 0, 1, . . ., P − 1}
are the parameters of the HL-filter for optimization.

We can rewrite the convolution in (6) as:

x′(·) = h ∗ x(·) =
P−1∑
p=0

θpTp(Lk)x(·) , (8)

whereTp can be any polynomial that is represented by a recursive
equation. In this study, we select the Laguerre polynomial [47],
[48], which can be computed from a recurrence relation, that is,

Tp+1(λk) =
(2p+ 1− λk)Tp(λk)− pTp−1(λk)

p+ 1
, (9)

with T0(λk) = 1 and T1(λk) = 1− λk.
Fig. 2(a) and (b) provide clear illustrations of filtered node

and edge pulse signals, showcasing the results of approximating
Laguerre polynomials of different orders, such as the 1st, 2nd,
and 3rd-orders. This visualization effectively demonstrates that
the spatial localization property of the HL-filters is determined
by the order of Laguerre polynomials. Notably, alternative poly-
nomials with a recurrence relation can also be employed for
approximating the HL-filter as shown in Huang et al. [26].

C. Simplicial Projection Operator

Signals on simplices of different dimensions may be relevant
to each other. However, the HL-filters described above work
exclusively on one specific-dimensional simplex, in other words,
they do not operate across multiple dimensions. To address this
problem, we define two projection operators, that is, Tk↓ and
T↑k. The first projection operatorTk↓ is supposed to map signals
from the k-simplices to the (k − 1)-simplices. The design of this
operator relies on the topological relationship between thek- and
(k − 1)-simplices of a graph G, and this relationship is captured
by the k-th boundary operator of G. As a result,Tk↓ is expressed
as

[Tk↓]ij =
∣∣∣[∂k]ij

∣∣∣ =
{
1 , if σi

k−1 is incident with σj
k ;

0 , otherwise ,
(10)

where the notation of | · | represents the absolute value function.
Similarly, the second projection operatorT↑k is supposed to map
signals from the (k − 1)-simplices to the k-simplices, and it can
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Fig. 2. HL-filters and simplicial projection operators. (a–b) The series of panels, from left to right, display a pulse signal associated with either a node or an edge,
followed by the corresponding signals filtered through HL-filters employing approximations based on the 1st, 2nd, and 3rd-order Laguerre polynomials. (c–d) The
left and right panels respectively depict a pulse signal defined on either a node or an edge and their resulting signals after projection through a simplicial projection
operator.

be rewritten as the transpose of Tk↓, that is,

T↑k = T�
k↓ . (11)

The pair of these two projection operators will serve as the
fundamental operators to facilitate the interaction of signals
across multi-dimensional simplices.

We now define a generic projection operator to map signals
from the k2-simplices to the k1-simplices, where k1 < k2. This
mapping is performed iteratively by projecting signals: first from
k2 to (k2 − 1), then from (k2 − 1) to (k2 − 2), and so on. Then
this iterative projection could be denoted by

Tk2↓k1
= Tk1+1↓ · · ·Tk2−1↓Tk2↓ =

k2∏
k=k1+1

Tk↓ . (12)

Conversely, to project signals from k1-simplices to k2-th ones,
we use the operator

Tk1↑k2
= T↑k2

· · ·T↑k1+2T↑k1+1 =

k1+1∏
k=k2

T↑k = T�
k2↓k1

.

(13)
Fig. 2(c,d) provide a practical simulation of projecting a

pulse signal defined on a node to its neighboring edges and
a pulse signal defined on an edge to its neighboring nodes,
respectively. The proposed simplicial projection operator can
map any simplex’s signal with any dimensional neighboring
simplices’ signals, which enables us to learn signal interactions
and cross-attentions across multiple dimensional simplices in-
troduced in Section III-D.

D. Multi-Simplicial Interaction (MSI)

Based on the simplicial projection operator, we define a
multi-simplicial interaction layer. This layer is tailored to learn
signal representations on the k-simplices, incorporating influ-
ences from signals on other dimensional simplices. Assume we
have a signal x defined on the k-simplices, which are derived
from the HL-filters, as described in (8). In the context of a
discrete framework, this signal can be represented as a matrix,
denoted byXk ∈ R

nk×d, wherenk is the number of k-simplices
and d is the number of features. To capture the interaction and
integration between Xk1

and Xk2
(k1 < k2), we utilize two

fully connected layers, with a ReLU activation layer followed
by the first fully connected layer, which is written as

X̃k1
= ReLU

(
(Xk1

‖Tk2↓k1
Xk2

)W ′
k1

)
W k1

, (14a)

X̃k2
= ReLU

(
(Xk2

‖Tk1↑k2
Xk1

)W ′
k2

)
W k2

, (14b)

where (Xa‖Xb) indicates the concatenation of Xa and Xb,
and both W ′

k ∈ R
2d×d and W k ∈ R

d×d denote weight matri-
ces. Note that weight matrices are usually viewed as learnable
parameters in the training.

E. Simplicial Attention Pooling (SAP)

We introduce an innovative simplicial attention pooling
technique, encompassing self- and cross-attention mechanisms
(Fig. 3(c)), simplex downsampling (Fig. 3(b)), and attention-
weighted pooling.
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Fig. 3. HL-HGAT architecture. (a) Schematic representation of the Hodge-Laplacian Heterogeneous Graph Attention Network (HL-HGAT) architecture
showcasing three key innovations: HL-filters, multi-simplicial interaction (MSI), and simplicial attention pooling (SAP). In each processing block, we initiate
the workflow by applying HL-filters to signals from the k1- and k2-simplices from the preceding block. Subsequently, an MSI layer is employed to capture
signal interactions between the k1- and k2-simplices. Following this, we implement an SAP layer, which involves updating the boundary operator and feature
consolidation based on simplex attention. Finally, an output layer is designed for prediction. (b) Flow chart outlining the proposed simplex downsampling algorithm
in Section III-D. We employ the Graclus clustering algorithm [49] to derive the node assignment matrix. This is followed by an iterative three-step process (depicted
in Fig. 1(c)): 1) Initialization of the updated boundary operator for the (k + 1)-th iteration; 2) Removal of non-existent (k + 1)-simplices that contain nodes
within the same node clusters and duplicated (k + 1)-simplices; 3) Computation of the (k + 1)-simplex assignment matrix using the updated boundary operator.
(c) Schematic diagram illustrating the architecture of the Simplicial Attention Pooling (SAP). Within this framework, we compute self-attention and cross-attention
for each simplex. The simplex signals are then modulated by attention mechanisms and pooled based on the assignment matrices.
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Our self- and cross-attention mechanisms are designed
to evaluate the significance of a signal within a specific-
dimensional simplex while simultaneously recognizing its topo-
logical relevance across different-dimensional simplices. For
self-attention, we adopt a conventional transformer [23], which
calculates key and query weights to facilitate the learning of
signal representations within specific-dimensional simplices.

Furthermore, by drawing upon the projection operators de-
scribed in (12) and (13), we construct a transformer to assess
the similarity between signals on k1-th and k2-simplices. As
a result, the overall weights assigned to the signals on the
k1-th and k2-simplices can be expressed as a combination of
their respective learned weights from both self-attention and
cross-attention mechanisms. These can be represented as:

Ak1
= diag

(
S

(
αk1

Xk1
W Q

k1
(Xk1

W K
k1
)�√

dk

+ (1− αk1
)
Tk2↓k1

(Xk2
W Q

k2
)(Xk1

W K
k1
)�√

dk

))
,

(15a)

Ak2
= diag

(
S

(
αk2

Xk2
W Q

k2
(Xk2

W K
k2
)�√

dk

+ (1− αk2
)
Tk1↑k2

(Xk1
W Q

k1
)(Xk2

W K
k2
)�√

dk

))
,

(15b)

where W Q
k and W K

k represent the query weight matrix and key
weight matrix, both with dimensions of d× dk, respectively.
Here,S(·) denotes a softmax function;αk is a scalar determining
the relative importance of self- and cross-attention;Ak1

andAk2

are used as weights in the following pooling operation.
We now introduce a genetic pooling procedure for a simpli-

cial complex denoted as G, enabling simplex downsampling,
boundary operator update, and attention-weighted pooling. The
downsampled complex is represented asG′, preserving simplices
up to the K-th order. As shown in Fig. 1(c), our downsampling
procedure initially clusters the nodes in G (i.e., 0-simplex),
which can be achieved through existing node clustering algo-
rithms. In this study, we utilize the Graclus multi-level cluster-
ing algorithm [49], grouping the nodes in G based on a local
normalized cut. The nodes in the same cluster are merged into
a single node in G′ and its corresponding features are computed
as the weighted average of the features defined on these nodes.
These weights are determined by A0 as defined in (15).

For further downsampling of higher-dimensional simplices,
we introduce a simplex assignment matrix denoted as Bk. This
matrix has rows corresponding to the k-simplex in G′ and
columns corresponding to the k-simplex in G. Each element
within Bk is binary, indicating whether or not the k-simplex in
G′ corresponds to one k-simplex in G. Thus, Bk characterizes
the relationship of the k-simplex between G and G′.

To update the boundary operator ∂k, we denote the updated
boundary operator as ∂ ′

k and define it as follows:

∂ ′
k = J·,j (Bk−1∂k) , (16)

where J·,j(A) is an operator that removes the j-th column from
a matrix A. (16) can be applied on any k-simplices by three
steps: 1) initializing the k-th updated boundary operator ∂ ′

k

to Bk−1∂k; 2) eliminating the k-simplices that contain nodes
in the same node clusters; and 3) eliminating the replicated
k-simplices. Fig. 1(c) illustrates an example of the simplex
downsampling up to 2−simplex. In this process, while remov-
ing the k-simplex, its features are aggregated into the simplex
connecting to it through weighted averaging, where the weights
are defined via attention mechanisms in (15). While B0 is com-
puted by the node clustering algorithm, the higher-dimensional
simplex assignment matrix Bk in (16) can be derived from the
updated boundary operator iteratively. We calculate the element
of Bk based on ∂ ′

k, ∂k, and Bk−1, that is,

[Bk]ij =

⎧⎨
⎩
1 , if

∑n′
k−1

q=1

∣∣∣[∂ ′
k

]
qi

∣∣∣
∣∣∣∣
[
Bk−1∂k

]
qj

∣∣∣∣ = k + 1 ;

0 , otherwise ,
(17)

where n′k−1 is the number of the (k − 1)-simplices in the coars-
ened G′. In sum, the proposed simplex downsampling algorithm
can be easily implemented by first clustering nodes and com-
puting B0. Subsequently, we update the boundary operator by
(16) and then compute the simplex assignment matrix with (17)
iteratively until k reaches K.

F. Architecture of HL-HGAT

HL-HGAT is an architecture characterized by a harmonious
integration of three essential components: Hodge Laplacian
spectral filters (HL-filters), multi-simplicial interaction (MSI),
and simplicial attention pooling (SAP), each contributing sig-
nificantly to its functionality.

Fig. 3(a) illustrates a specific design of the HL-HGAT ar-
chitecture, which can be constructed with multiple blocks,
each composed of these three components. Within each block,
there are convolutional branches, each equipped with HL-filters
meticulously designed to process signals on dedicated dimen-
sional simplices. Subsequently, the MSI module plays a pivotal
role in orchestrating the interaction of signals across distinct
dimensional simplices, facilitating a more comprehensive and
holistic understanding of the data. Finally, within the archi-
tecture, SAP serves a dual purpose: it efficiently reduces the
spatial dimension of simplices while simultaneously performing
information pooling, as illustrated in Fig. 3(b) and (c). It is
worth noting that SAP may become particularly beneficial when
dealing with large graph sizes.

HL-HGAT optimally leverages the combination of these three
components, working in synergy within a multi-layered archi-
tecture. This approach is empowered to perform effective signal
processing and feature extraction, making it a potent tool for a
wide range of applications.

G. Implementation

As depicted in Fig. 3, the HL-HGAT architecture comprises
an output layer and multiple blocks, of which each combines
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HL-filter layers, MSI, and SAP. To enhance the model’s ef-
fectiveness, we incorporate positional encoding for simplices
of individual dimensions, a practice commonly employed in
existing graph transformers [22], [50]. Specifically, we take the
Laplacian node positional encoding with sign flipping [22] as our
node position encoder. Similarly, for edge positional encoding,
we use the first eight eigenvectors of the 1-st HL operator. This
approach can be readily extended to accommodate positional
encoding for simplices of any order.

HL-HGAT relies on several essential model parameters, in-
cluding: 1) the number of blocks, 2) the number of convolutional
layers, 3) the number of the HL-filters per convolutional layer, 4)
the polynomial order for the HL-filter approximation, 5) the size
of query and key matrices in the SAP layer, 6) the number of fully
connected layers in the output layer, 7) the number of points in
the fully connected layers, and 8) a dropout rate. For consistency
across all experiments in this study, we have set the dropout
rate for each convolutional layer and fully connected layer to
be 0.25. Activation functions are chosen from either a standard
ReLU or a Leaky ReLU with a leak rate of 0.1. Furthermore,
the dimension of the query and key matrices in the SAP layer
is consistently configured as 32× 32. The remaining model pa-
rameters are determined through a greedy search specific to each
individual application, detailed in Table 1 of the Supplementary
Material.

All experiments adhere to a consistent set of training parame-
ters, which includes an initial learning rate of 0.001 and a weight
decay parameter of 0.001. We use the ADAM optimizer [51]
with a mini-batch size of 1,000 for the ZINC dataset and 64 for
the other datasets, although we may reduce the mini-batch size
to 32 in cases where memory demands exceed GPU capacity.

HL-HGAT is implemented using Python version 3.9.13 and
relies on the PyTorch 1.12.1 framework [52] along with the Py-
Torch Geometric 2.1.0 library [53]. The execution of HL-HGAT
is carried out on an NVIDIA Tesla V100SXM2 GPU boasting
32 GB of RAM.

IV. EXPERIMENTS

In the following, we demonstrate the use of the proposed
HL-HGAT in NP-hard combinatorial optimization problems,
graph classification, and multi-label tasks, as well as graph
regression tasks. To illustrate the versatility of HL-HGAT, we
conduct experiments using established open datasets across
various domains, including logistics, computer vision, biology,
chemistry, and neuroscience. These demonstrations showcase
the adaptability and effectiveness of HL-HGAT in diverse real-
world applications. We compare our HL-HGAT with base-
line models, including GCN [3], GAT [4], GatedGCN [21],
GPS [22], dGCN [19], BrainGNN [20], Hypergraph NN [28],
and SAT [34]. The setup of these baseline models for each
experiment below is listed in Table 2 of the Supplementary
Material.

A. Traveling Salesman Problem

The Traveling Salesman Problem (TSP) represents a clas-
sic NP-hard challenge within combinatorial optimization. It
revolves around determining the most efficient route to visit

all cities exactly once on a map, given a list of cities and the
distances between each pair of them. The importance of solving
the TSP lies in its wide array of practical applications, such
as route planning for logistics and delivery services [54]. The
TSP also serves as a fundamental model for more complex
optimization problems, making advancements in its solution
methods applicable to a broader range of challenges [55].

In this study, we model each map as a graph, with cities
represented as nodes and the connections between them as edges.
A total of 12,000 maps1 were employed in this research, each
featuring a varying number of nodes, ranging from 50 to 500
nodes. Each node is connected to 25 other nodes through edges.
The HL-HGAT approach tackles the TSP by framing it as an
edge classification task. This is achieved through the minimiza-
tion of a focal loss [56], which effectively quantifies the weighted
entropy of edge probabilities. To estimate the probability of
each edge within the shortest path, the HL-HGAT architecture
omits the SAP component. Input features encompass the coor-
dinates of cities assigned to nodes and the distances between
all pairs of cities assigned to edges. We meticulously follow the
dataset-splitting strategy outlined in the benchmarking paper by
Dwivedi et al. [50], which includes 10,000 training graphs, 1,000
validation graphs, and 1,000 test graphs.

Fig. 4 showcases the visualization of node and edge features
every two layers, illustrating how the proposed HL-filters effec-
tively eliminate irrelevant edge signals. As shown in Fig. 1 of the
Supplementary Material, we present a range of TSP examples
featuring varying numbers of cities and their optimized solutions
generated by HL-HGAT, along with comparisons to several
state-of-the-art GNN models, including GCN [3], GAT [4],
GatedGCN [21], and SAT [34]. Visually, HL-HGAT offers
solutions that closely align with the ground truth, outperforming
the selected baseline models. This phenomenon can also be
observed in the feature space learned from each method (i.e.,
Fig. 5(a)), suggesting a clear separation of edges belonging to
the shortest path and edges not belonging to the path.

Quantitatively, Fig. 6(a) illustrates the edge classification
accuracy evaluated by F1 score. Two-sample t-tests show that
the F1 score from HL-HGAT is significantly greater than GCN,
GAT, GatedGCN, and SAT (p < 0.001), suggesting the supe-
rior performance of the HL-HGAT over the state-of-art GNN
methods.

B. Image Classification

Image classification is a typical task in computer vision,
with applications in numerous areas including medical imaging,
surveillance, autonomous vehicles, etc [58]. The HL-HGAT
approach treats classical natural image classification problems
as graph multi-class classification tasks.

We employ the CIFAR10 dataset of RGB images (with 60,000
graphs and 10 distinct classes), which is a well-known dataset
in the field of computer vision [59]. To facilitate graph-based
representation, each superpixel, defined as a compact and con-
tiguous region in images showcasing uniform intensity charac-
teristics, is treated as a node [60], and they are connected to

1https://www.math.uwaterloo.ca/tsp/index.html

https://www.math.uwaterloo.ca/tsp/index.html
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Fig. 4. Traveling Salesman Problem (TSP). Node and edge features at every two HL-filter layers are visualized. The ground truth is positioned at the center of
the figure. Node features are represented in grey, while edge features are highlighted in red.

their eight nearest neighbors based on the Euclidean distance.
On average, each graph in the dataset consists of 117 nodes. This
forms a graph where superpixels are nodes, and edges connect
neighboring superpixels. The nodes incorporate RGB values,
and edges are established based on the absolute differences
and Euclidean distances between corresponding RGB color
values. These signal attributes enable the model to effectively
capture both color information and spatial relationships among
the superpixels within an image. In this experiment, we follow
the dataset splitting strategy as described in Dwivedi et al. [50],
which involves dividing the dataset into 45,000 training graphs,
5,000 validation graphs, and 10,000 test graphs. Notably, all
three key components are integrated into the architecture of
HL-HGAT for this specific application.

Fig. 5(b) illustrates the two-dimensional embedding of the
features obtained through GCN [3], GAT [4], GatedGCN [21],
GPS [22], SAT [34], and our HL-HGAT. Each point in this figure
corresponds to an individual image, with color coding indicating
its respective class. Notably, HL-HGAT achieves a more distinct
separation of the 10 classes when compared to the other methods.

Quantitatively, Fig. 6(b) presents classification accuracy,
which measures the proportion of correctly classified images
relative to the total dataset size. The results of two-sample t-tests
reveal that the accuracy achieved by HL-HGAT significantly
surpasses those of other GNN models (such as GCN, GAT,
GatedGCN, and SAT) as well as the graph transformer model

(GPS) (all p-values < 0.05). These results suggest the effec-
tiveness of HL-HGAT in computer vision tasks, establishing its
superiority over the state-of-the-art GNN and graph transformer
models.

C. Biology and Chemistry

The study employs two widely-used molecular datasets,
namely ZINC [61] and Peptide-func [62], to demonstrate the
use of HL-HGAT in the fields of biology and chemistry.

The Peptide-func dataset with 15,535 graphs is specifically
tailored for predicting peptide functions that are crucial for drug
discovery, biological signaling, functional genomic discovery,
etc [63]. The study considers this task as a multi-label graph
classification problem that assigns each peptide with multiple
functions, such as antibacterial, antiviral, intercellular commu-
nication, and more. Peptides, which are short chains of amino
acids, are derived from SATPdb, a reference database [62]. In
contrast to conventional approaches where amino acids typically
serve as nodes in peptide graphs [64], this study employs heavy
atoms as nodes, effectively expanding the size of the graph. On
average, each graph in the dataset consists of 151 nodes. The
edges within these graphs represent the bonds between these
heavy atoms.

Similarly, ZINC is a curated repository of chemical com-
pounds for virtual screenings of drug discovery, structural
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Fig. 5. Feature space. The feature space learned from each GNN method is projected into a two-dimensional space using t-distributed stochastic neighbor
embedding (t-SNE) for visualization purposes. (a) In the feature space of the Traveling Salesman Problem, red points indicate edges that do not belong to the
shortest path, while cyan points represent edges that are part of the shortest path. (b) The feature space of the CIFAR10 dataset visualizes the 10 classes of natural
images. (c) In the feature space of the Peptide-func dataset, the colored points indicate peptides with corresponding functions, while grey points indicate peptides
that do not have these functions. (d) In the feature space of the ZINC dataset, the points represent molecules colored by the corresponding constrained solubility.
Additionally, the bar plot illustrates the average and standard deviation of synthetic accessibility across all molecules in the three clusters. (e–f) The feature spaces
of brain images are color-coded by brain age and general intelligence. Each point in these plots represents an individual subject. Each column corresponds to the
feature space obtained from various GNN models, including GCN [3], GAT [4], GatedGCN [21], GPS [22], dGCN [19], BrainGNN [20], Hypergraph NN [28],
and SAT [34].

bioinformatics, and chemoinformatics research. We focus on
a carefully selected subset of ZINC molecular graphs, con-
sisting of 12,000 samples [61]. Our primary objective is to
perform regression analysis on a molecular property referred to
as “constrained solubility” that is crucial in determining drug ef-
ficacy and safety in pharmaceutical development [65]. Accurate

solubility prediction enables the design of drugs with optimal
absorption and bioavailability, ensuring effective treatment and
minimizing potential side effects [66]. This task constitutes a
typical graph regression problem, with our evaluation metric
being mean absolute error (MAE). In each of these molecular
graphs, the node features represent the types of heavy atoms
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Fig. 6. Quantitative comparisons between HL-HGAT and state-of-the-art GNN methods across multiple datasets. Error bars illustrating quantitative metrics are
presented in panels (a–f) for various datasets, including TSP, CIFAR10, Peptide-func, ZINC, OASIS-3, and ABCD. Notably, panel (a) zooms in on enlarged error
bars enclosed within gray dashed circles. These quantitative metrics have been selected based on commonly reported measures in the existing literature [50], [57].

present, while the edge features characterize the types of bonds
connecting these atoms. It is worth noting that the graphs in our
dataset exhibit varying sizes, with node counts ranging from 9
to 37 and edge counts ranging from 16 to 84. We adhere to the
dataset splitting strategy outlined in Dwivedi et al. [57], which
involves a train-validation-test split ratio of 70%–15%–15%.

Fig. 5(c) provides a visual representation of the two-
dimensional feature embeddings obtained through GCN [3],
GAT [4], GatedGCN [21], GPS [22], SAT [34], and our HL-
HGAT. In this plot, each point represents an individual peptide,
with color coding indicating its corresponding peptide function.

Similarly, Fig. 5(d) provides a visual representation of the
two-dimensional feature embeddings of the ZINC dataset ob-
tained through GCN [3], GAT [4], GatedGCN [21], GPS [22],
SAT [34], and our HL-HGAT. Each data point in this plot
corresponds to an individual chemical compound, and its color
code indicates its constrained solubility. Significantly, the em-
bedding plot generated by HL-HGAT reveals three distinct
clusters among these chemical compounds, whereas most of
the other compared GNN and transformer models exhibit only
two clusters. Further exploration of the three clusters identified
by HL-HGAT reveals a connection to the synthetic accessi-
bility score (SAS). The SAS evaluates the structural charac-
teristics of drug-like molecules [67], as illustrated in the bar
chart within the last panel of Fig. 5(d). This valuable insight
into the SAS-related clustering dimension is a unique dis-
covery attributed to HL-HGAT beyond the objective of this
prediction task and is not observed in the other GNN models
and GPS.

Quantitatively, the results of two-sample t-tests reveal that
the average precision achieved for the Peptide-func dataset
and the mean absolute error (MAE) obtained for the ZINC
dataset through HL-HGAT demonstrate significantly superior

classification or prediction accuracy when compared to GCN [3],
GAT [4], GatedGCN [21], GPS [22], and SAT [34] (all p-values
< 0.01).

D. Brain Age and Intelligence

Two brain functional MRI datasets, derived from the Ado-
lescent Brain Cognitive Development Study (ABCD)2 [68] and
Open Access Series of Imaging Studies (OASIS-3)3 [69], are
used in this study to predict intelligence [70] and brain age,
respectively. The sample sizes of the ABCD and OASIS-3
datasets are 7,693 and 1,978, respectively. Brain age has been
demonstrated to be a biomarker related to neurodegenerative
diseases [71], while intelligence is a good predictor for academic
outcomes in children.

For the purpose of constructing our brain functional organiza-
tion graphs, we employ a total of 268 regions of interest (ROIs),
as previously defined by Shen et al. (2017) [72]. These ROIs
serve as the nodes within our graph, and we establish edges
between them based on Pearson correlation calculated from the
functional time series of each pair of ROIs. The sparsity level of
our graph is set at 0.25. We employ the brain functional networks
to predict brain age and intelligence. Our experimental setup
closely follows the methodology outlined in Huang et al. [37].

Fig. 5(e) and (f) depict the two-dimensional feature embed-
dings obtained from GAT [4], BrainGNN [20], dGCN [19],
Hypergraph NN [28], SAT [34], and our HL-HGAT. Notably, the
selection of comparison graph models in this context differs from
those mentioned earlier. BrainGNN [20], dGCN [19], and Hy-
pergraph NN [28] are specialized techniques tailored for brain

2https://abcdstudy.org/
3https://www.oasis-brains.org

https://abcdstudy.org/
https://www.oasis-brains.org
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Fig. 7. Attention maps obtained from the SAP component in HL-HGAT for image classification. (a) Image Classification: Attention maps highlight nodes
and edges with increased attention in red, emphasizing key features and boundaries crucial for image classification. (b) Brain Age Prediction: The attention
maps visualize the functional connectivities (colored in orange) most contributing to age prediction. (c) General Intelligence prediction: Similarly, the functional
connectivities colored in orange are most contributed to the prediction of general intelligence. Abbreviations: L, left; R, right.

functional networks, representing state-of-the-art approaches in
the field of brain research. In these two sub-figures, each data
point corresponds to an individual brain functional network, with
color coding denoting their respective brain age and intelligence
attributes.

The results, as depicted in Fig. 6(e) and (f), highlight the
remarkable performance achieved by our HL-HGAT, position-
ing it at the forefront as one of the state-of-the-art solutions
on both datasets when compared to the baseline models. For
the OASIS-3 dataset, our HL-HGCNN attains state-of-the-art
results in comparison to the baseline GNN models for node
signals, such as GAT, BrainGNN, and dGCN (all p-values
< 0.01). Additionally, our model surpasses the GNN model for
edge signals, as evidenced by its superior performance relative to
Hypergraph NN (p = 0.02). Similarly, in the case of the ABCD
dataset, rigorous two-sample t-tests also reveal that the mean

absolute errors (MAE) obtained through HL-HGAT signifi-
cantly outshine those of GAT, BrainGNN, dGCN, and Hyper-
graph NN (all p-values < 0.01).

E. SAP Provides Interpretable Attention Maps

The attention maps generated by the SAP component offer
valuable interpretability to HL-HGAT, which is often considered
opaque in existing GNN models. In this section, we demonstrate
the interpretability of HL-HGAT through attention maps for the
CIFAR10, ABCD, and OASIS datasets, originating from the
SAP pooling layer.

When one SAP layer is implemented, attention is computed
directly for each node and edge at the original spatial scale, mak-
ing visualization and interpretation straightforward. However,
when multiple SAP layers are used, we leverage the attention
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Fig. 8. Ablation Study. Panels (a–f) illustrate error bars for quantitative metrics across various datasets, including TSP, CIFAR10, Peptide-func, ZINC, OASIS-3,
and ABCD. Panel (a) provides a close-up view of enlarged error bars enclosed within gray dashed circles. Abbreviations: M1 - HL-filters applied to node signals
only; M2 - HL-filters applied to both node and edge signals; M3 - HL-filters applied to node and edge signals with MSI integration; M4 - The complete architecture
encompassing all three key components as depicted in Fig. 3(a).

computed across all layers. By recording the simplex assignment
matrices, we can map the attention from downsampled simplices
to their corresponding simplices at the last spatial scale, thanks
to the one-to-one correspondence between them (see Fig. 1(c)).
This process is repeated until the attention from all SAP layers is
projected back to the original spatial scale. Finally, we combine
these attentions by multiplying them to produce the final value
for visualization and interpretation.

For the image classification task, we anticipate that node
attention will emphasize objects, while edge attention should
accentuate object boundaries. To validate this notion, we ran-
domly select four samples from the test set and overlay the
attention onto superpixel images. Fig. 7(a) illustrates that SAP
effectively identifies and highlights both objects and their bound-
aries across samples spanning various classes (more examples
in Fig. 2 of the Supplementary Material). Additional examples
of these attention maps are available in the supplementary
materials.

In the context of brain age and general intelligence pre-
diction, the attention maps derived from brain functional net-
works serve as informative biomarkers, shedding light on neural
mechanisms linked to aging and intelligence. Fig. 7(b) and
7(c) depict functional connectivities corresponding to the top
5% group-averaged attention scores in the test set. Heightened
attention is notably observed in the functional connectivity of
the hippocampus and amygdala for brain age prediction, as these
regions play pivotal roles in memory and emotional responses,
both closely tied to aging [73], [74]. Furthermore, our atten-
tion maps unveil significant functional connectivities between
prefrontal and parietal regions that contribute to the prediction
of general intelligence, aligning with established research on
neural activities in these regions [75], [76].

These findings underscore the interpretability of HL-HGAT,
as it consistently provides meaningful attention maps across

diverse applications, enriching our comprehension of complex
data and underlying phenomena.

F. Ablation Study

To comprehensively evaluate the significance of each com-
ponent within HL-HGAT, we conduct an ablation study. We
systematically increase the complexity of HL-HGAT by con-
sidering different architectural variations, each represented by
a model denoted as follows: M1 (HL-filters applied to node
signals only), M2 (HL-filters applied to both node and edge
signals), M3 (HL-filters applied to node and edge signals with
MSI integration), and M4 (the full architecture encompassing
all three key components in Fig. 3(a)). It is worth noting that we
maintain consistent hyperparameters, including the number of
blocks, the number of HL-filters within each block, the order of
Laguerre polynomials, and other learning parameters, across all
experiments, as detailed in Section III-G.

Fig. 8 clearly demonstrates that increasing the complexity of
HL-HGAT from M1 to M4 consistently results in improved clas-
sification accuracy for the CIFAR10 and Peptide-func datasets
shown in Fig. 8(b) and (c), as well as enhanced prediction
performance for brain age (i.e., OASIS-3, shown in Fig. 8(e)) and
general intelligence (i.e., ABCD, shown in Fig. 8(f)). These find-
ings underline the critical importance of HL-filters for handling
heterogeneous signals, as well as the integration of MSI and
SAP for effective multi-scale information processing. However,
it is noteworthy that M4 does not consistently outperform M3 in
the TSP and ZINC datasets. This discrepancy can be attributed
to the significantly smaller graph size in the ZINC dataset,
where the graph pooling operation may not necessarily enhance
multi-scale processing. Furthermore, for the TSP problem, the
nature of individual edge prediction may render pooling to be
unnecessary.



11036 IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 47, NO. 12, DECEMBER 2025

Fig. 9. Memory usage and computational time comparison between HL-
HGAT and baseline models across all tasks. Warm-colored dots represent
node-based GNNs or transformers, including GCN, GAT, GatedGCN, GPS,
dGCN, and BrainGNN, while cool-colored dots represent edge- or simplex-
based GNNs, including SAT, Hypergraph NN, and our approach.

Nonetheless, the SAP pooling operation stands out as a valu-
able addition, not only improving computational efficiency but
also reducing memory usage. Table 3 of the Supplementary
Material clearly indicates that our graph pooling operator signif-
icantly reduces both memory cost and computational time, with
particular advantages evident for larger graphs. This efficiency
enhancement is crucial for scaling HL-HGAT to handle larger
and more intricate datasets.

G. Scalability and Computational Complexity

To validate the scalability of HL-HGAT on large graphs, we
conducted the general intelligence prediction task on the ABCD
dataset, where the brain functional network was constructed
using an atlas with 1,118 ROIs [77] instead of an atlas with 268
ROIs presented in the previous section. As shown in Fig. 3 of the
Supplementary Material, the performance of HL-HGAT based
on the brain functional networks of 1,118 nodes (5.280± 0.043)
is comparable with the result based on the brain functional
networks of 268 nodes (5.291± 0.119). In addition, HL-HGAT

continued to achieve state-of-the-art results compared to the
baseline models (all p-values < 0.05), demonstrating the supe-
riority of HL-HGAT in modeling both medium and large brain
functional networks.

As for the computational complexity, when only node and
edge signals are considered, the computational complexity of
HL-filters on nodes and edges is O(n1) and O(n21/n0), respec-
tively, where n0 and n1 represent the number of nodes and
edges. The complexity of MSI and SAP modules is O(n1) for
both nodes and edges. Real-world graphs, such as molecular
and super-pixel graphs, are known for their sparsity, with the
number of edges typically proportional to the number of nodes
n1 = Θ(n0). In this scenario, the complexity of the proposed
HL-HGAT is linear with respect to the number of nodes, i.e.,
O(n0). Fig. 9 illustrates the computational time and memory
usage of HL-HGAT and baseline models across all five datasets,
assessed during the testing. We omit the OASIS dataset because
it has the same number of nodes and edges as the ABCD (268)
dataset. When graph is sparse (sparsity level < 0.1), HL-HGAT
exhibits lower memory usage compared to GAT, GatedGCN, and
all simplex-based GNNs on the CIFAR10 dataset and shows the
lowest memory usage among all node-based and simplex-based
GNNs on the Peptide-func dataset. In contrast, when graph
is less sparse (sparsity level > 0.1), simplex-based and edge-
based GNNs generally consume significantly more memory than
node-based GNNs on the OASIS-3 and ABCD datasets. Despite
this, HL-HGAT still maintains the lowest memory usage among
edge-based and simplex-based GNNs.

V. CONCLUSION AND DISCUSSION

In this study, we introduce HL-HGAT, a versatile graph neural
network designed to effectively model signals on nodes, edges,
and higher-dimensional simplices within graphs. HL-HGAT
harnesses the combined capabilities of HL-filters, MSI, and
SAP to address complex problems involving graph-structured
data. Our framework offers flexibility in combining these mod-
ules, providing a user-friendly workflow for a wide range of
applications.

Our experiments, conducted on six diverse datasets span-
ning various domains—including NP-hard problems, graph
classification, multi-label problems, and graph regression—
consistently demonstrate HL-HGAT’s superiority over state-of-
the-art GNN and graph transformer models. This consistent per-
formance highlights HL-HGAT as an advanced GNN model that
excels in various scenarios. Furthermore, the ablation study un-
derscores the significance of each component within HL-HGAT,
emphasizing the importance of modeling heterogeneous signals,
facilitating interactions across different-dimensional simplices,
and leveraging the SAP layer for effective information aggrega-
tion. Additionally, the incorporation of the graph pooling opera-
tor significantly enhances the model’s computational efficiency,
making it well-suited for larger graph datasets. Furthermore,
the interpretability provided by the attention maps generated
by the SAP layer further enhances the model’s utility. For in-
stance, in the CIFAR10 dataset, the attention maps successfully
capture objects and their boundaries, while in brain datasets, they
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highlight task-related functional connectivity patterns. This in-
terpretability holds promise for applications in medical imaging
and computer vision.

However, our approach has a limitation in the form of the
simplex downsampling method, which simplifies graphs solely
based on their topology and may inadvertently remove signif-
icant simplices contributing to downstream tasks, and a more
robust coarsening method that takes considers simplicial at-
tention can be developed to address this limitation. Another
limitation of HL-HGAT is its higher computational time and
memory usage compared to conventional node-based GNNs,
particularly on dense graphs, which is also a common limitation
of simplex-based GNNs. One solution to mitigate this effect
is to limit the number of neighboring simplices aggregated
during convolution by defining the convolution operator within
a specialized topological domain [78].

HL-HGAT is able to handle dynamic graphs, where the con-
nections between nodes in the input graph vary over time, and
this capability is realized by computing the boundary operator
and the Hodge-Laplace operator. The application of HL-HGAT
to dynamic graphs, including its potential usage in dynamic
functional connectivity in neuroscience, will be the focus of our
future studies.

In conclusion, HL-HGAT represents a powerful and flexible
GNN model that is capable of solving diverse graph-based prob-
lems by effectively incorporating heterogeneous information,
modeling complex interactions, and providing computational
efficiency. Its interpretability further enhances its applicability
across various fields, promising valuable contributions to graph-
based machine learning applications.
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